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Analysis of Decorrelating Detector in the
Presence of the Residual MAI
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ABSTRACT

This paper analyzes decorrelating detector for synchronous packet CDMA communications where a sel of
quasiorthogonal code waveforms are generated from a common code by assigning distinet initial code phases to all
users. In this analysis, we characlerize the residual multiple-access interference (MAI) caused by possible timing
offsets when synchronous and simultaneous packet transmissions are on the reverse link of centralized networks.
Also, to show feasibility of decorrelating detector employing the common code, we further investigate its robustness
against the multipath channel. It is demonstrated that the decorrelating detector greatly reduces the residual MAI

to the order of N~2, N number of chips/bit, and yields significant performance gain compared to the single user

detector.
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I. Introduction

Motivated by the need Lo increase capacily in
code-division multiple-access (CDMA) channels, much
interests focused on the development of multiuser
detection which provides a significant performance
gain by exploiting the structure of the multiuser inter-
ference. Initially, the optimum multiuser detector was
obtained which consists of a bank of matched filters
and a (vector) Viterbi decoder [I]. It was shown to
yield the best possible performance achievable in
Gaussian noise channels and be near-far resistant
under dissimilar received energies, but requires computa-
tional complexity which is exponential in the number
of users. In order to reduce the exponential com-
plexity while maintaining superior performance over
the conventional single-user detector, several multiuser
detectors were proposed and analyzed, one of which
is the decorrelating detector of Lupas and Verdu [2],
[3] whose complexity is only linear in the number of
uscrs, and whose error probability is independent of
the interfering signal powers.

In this paper, we analyze the decorrelating detector
based on common code scheme requiring distinct
initial code phases for all users in synchronous packet
CDMA channels where their symbol epochs roughly
coincide at a single central recciver. In such synchron-
ous channels with some timing offsets among users,
low sidelobe values for all possible distinct code
phases may be useful in case of decorrelating the sum
of the simultancously transmitted signals because of
the residual MAL We consider a slotted packel net-
work in which the assignment of distinct code phases
is made through the reservation using a request
packet before transmitling a packet of information.
The request packet will be transmitted in random
access (slotted ALOHA) mode in a randomly selected
reservation slot while the packet of information
transmitted in synchronous CDMA channels without
contention. With this network model, we may exploit

the side information on the channel delays acquired

from lhost; request packels in properly assigning
initial code phases to be used for transmission of the

following packets of information.
II. Multiuser Communication Model

We consider the reverse link of centralized networks
in which K user terminals communicate with a single
central receiver through synchronous packet CDMA
channels. We here assume near-synchronous channels
at the symbol level to account for the possible timing
offsets among all user transmissions. A set of quasi-
orthogonal signature waveforms is generated from a
common code by differentiating its initial code phases.
The common code waveform can be expressed by

N-1

CO=L c;$t=5TI,t€10.T) (M
where {c;} denoles a signature sequence of elements
taking values of *1, ¢(¢) is a chip waveform of dur-
ation 7, with unit power, i.e., fz"qﬁz(t)dt:Tc, and T
is the bit duration assumed to be equal to NT, for a
code period N. By circularly shifting the initial code
phase, we can generate the kth user’s signature
waveform to encode the packet of information in a
given slot, that is,

N-=1

W)=Y Cion 8U—JT) E€10, T), k=1,2,.,K. (2)
=0

Here 7 @ » is defined by 7 +# modulo N, assuming
Ny # ny for k# k'

The kth user’s signature waveform ¢,(f) can be
related to the common code waveform c¢(f) through
the formula
)=ct@nT), €0, T), k=1,2,.,K &)
where { @1 is equivalent to £ + v modulo T.

If all users transmit their packets of information
using the quasiorthogonal signature waveforms {c; (#)}

through roughly symbol-synchronous CDMA channels,
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the input signal at the central receiver can be written

as

. .
V(f)=IZL kil b (D) s, (t—IT 8 +n(t) 4
where {6,(/);{= ~L,...,L} represents the sequence of
information bits of the kth user, assumed i.i.d. ran-
dom variables taking values of *1 with equal prob-
ability, during the packet of length 2L +1, &, indicales
the timing offset associated with the kth user, n#(f) is
white Gaussian noise with power spectral density o7,
and the time-limited bandpass signal s, (¢ —I{T —4,) is

given by

et =IT =80 = N2E T cl(t —IT =8 ®(my + w) T |
cos{w.t +6,), t €[IT + 6, (( +1)T +6,). (5)

In the above, E, is the received energy of the kth
user’s signal, w; is the random chip delay inserted to
purely randomize the statistics of the residual MAI at
the symbol level, w, is the carrier frequency, and 0,
denotes the unknown carrier phase of the kth user.
Consider the sampled output of the normalized
matched filter for the /th bit of the 7th user in the
presence of the timing offsets { 3}, which is given by
U +ur

r®S, (¢ —IT)d¢t

T

v = [

= b,()JE (1 —’5,»)—% (1 + o D))

K

(1) VE; (1+ 3 g 4(D) cos (0, 0;)
=1

0). (6)

_b
N

=

i(

S

+

Here the normalized (unit-energy) signal S:¢-IT) is
defined by s;(t —IT)//E; for which s;{{ —{T) is found
in (5) with 8;=0 for k=1, provided perfect estimation
of the carrier phase is available at the receiver to
focus on the effect of timing offsets. As for the com-
mon code, {c¢;} is assumed to be a maximal-length

sequence because of good correlation propertics, that

2092

is, 1T [ cl®ci(®dt=~1/N if k#i and 1 if k=i,
In the near symbol-synchronous channels, {8,} are
assumed a small fraction of T, so b~‘k=5k/7} being
much less than one, and the partial correlation term «

; & due to the timing offset d, has the expression
oy, k(l) =Cn,dw, [Cn.®(w,~ I)_bk(l'— l)cn, D(w,. IJ] (7)

where 8,({—1)b,(l) is statistically treated like bp(/
—1). The normalized output noise 7, () is zero-mean
Gaussian with variance ¢?.

Next, in order to estimate the cffect of multipath
on the decorrelating delector employing the common
code, if the multipath channel is modeled us one
having two significant rays, the received signal » (£) in
(4) can be rewrilten as

2

r(t): Z Z bk(l)Sk(t‘/T)

(==L k=1t
It

1. .
+ Y Y a0 s (t—IT—1) + n(t) (8)
le =L k=1

where we have assumed that the symbol epochs of all
primary signals {s,(#)} coincide at the receiver, ie.,
symbol-synchronous channels, while the scattering
signals {.stk(t)} are shifted by the channel delays {7 1.
It is also assumed that the initial code phases {7
were selected to meet the collision-free condition of
min|(my—m, )T, +I{T| Y1, for all k# k" Here A
rc[presenls the relative intensity of the kth scattering

signal $p(t —IT —15) which is given by (5) with (3, 0y

replaced by (1, ék,), respectively.
Based on this channel model, the normalized

matched filter output ;, (0) in (6) takes the form

K
5.0 =b0 \/E’,?———}V S by () /s cos(0,—0,)
k=1
k#+1
X -
- 1]v AebaDVE (1 + T 21 2 (D) cos (04 —0)) + 7,40)
k=1

)
where the partial correlation term o?,; +{) due to the

channel delay 1, is given by
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. 1 T,-1
i k== ¥ cmam+n [Cnoww—7,+5
Tk j=0

-bk(l—I)C”‘@(w,ﬂ_?‘-fj)]. (10)

In the above we have assumed a discrete-time channel
for simple analysis such that {t;} are an integer mul-

tiple of T, i.e., ;.=1k/Tc taking an integer.

. The Decorrelating Detector

In synchronous CDMA channels, the multiuser
detector processes the received waveform r (), ¢t €1/
T, ({ +1)T) with a bank of matched filters, which
produces a normalized vector of observables ;;(1), 1=
1,...K, in (6) [2]

y=RE"b+n an

where for §,=0 (k=1,..,K), ie., symbol-synchronous,
E'R=diag{ JE ... VEx}h b=1byy(D,.... (D", n=
[, (D), n={n,),...,nx)I" is a zero-mean Gaussian
vector with covariance matrix equal to ofv R and R is
the normalized (unit-energy) crosscorrelation matrix

whose coefficients are

Pk [‘””T S, (t—IT)Si(t—IT)dt (12)

1
—— cos(0,—0;) ifk+#1,
=y N (13)
| if k=1

Consider the decorrelating detector which recovers
the input data vector b in the presence of the
correlated noise vector R™'n by eliminating the
multiuser interference through the matrix filter R™'.

Hence a set of decision variables is given by the vector
R'Yy=E"b+R"'n (14)

where R™'n becomes a zero-mean Gaussian vector

with covariance matrix oi, R~ In case of symbol-

synchronous systems, the error probability of the ith
user’s data is simply of the form

__J"::) (15)

r@=o( oL (R,

where the Q-function is defined by Q(x)=1/./2n jm
e V2 dy, ’

Now, if we account for the effect of the timing
offsets {5;} on the decorrelating detector, (14) can be

rewritten as
R'y=E"2b+R'R(E”b+ R 'n. (16)

Here R(9) is the partial correlation matrix caused by

6=(3,,...,5x) whose coefficients are

P60 = [
+ 5, ~IT = 518;(t —IT)dt — p; s an

@+uT [;k(t—(l-—l)T—(Sk)

ir

—% o x(D)cos (B, —6) ifk#1,
- (18)

—&n+7'v-(1+a,~_,~<z))1 it k=i,

Note that E‘,{’k(ék) becomes zero when 8, =0. Thus, if
the timing offsets exist, i.e., ;‘;E.f)k(ék) #0(k=1,..,K),
then the second term in (16) forms the residual mul-
tiple-access interference degrading the performance of
the decorrelating detector.

Similarly, if we account for the effect of the multipath
with only two significant rays, the decorrelating
detector produces the decision vector which has the

form
R'y =E/2b+ R 'R()AEb+R"'n (19)
where A=diag{1,,.., A} and R(z) is the partial corre-

lation matrix due to the channel delays t=(1,,...,1x)

whose coefficients are

A= [ (=A==
+ S~ IT — ) ¢ ~IT) dt 20)
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Here the normalized (unil-energy) signal Q,((t"/'l'"u)
is simply related to $;(f /T — )/ VEr. After deco
rrefating process, we sce thal the scallering signals
reduce to the residual multiple-access  interference

which is the second term in (19).
V. Analysis of Residual MALI

All user terminals nitiate their packetl transmisstons
at the beginning of a slot {o maintain symbol-
synchronous channels, but with the centrahzed network
considered here, the central receiver may observe Lhe
sum of those packel signals whose symbol cpochs
exhibit nonnegligible differential delays i the presence
of the additive noisc. In this ncar symbol-synchron-
ous syslem, the decorrelating receiver will experience
somechow deterioration of the multiuser performance

because of the residual MAI that is,

MAL(5, ) =R™'R(S)E'/*b (22)

where 0=(0,,...,0¢) implies explicitly the dependence
of R " and R(J) on these parameters.

The worst-case assumption on the residual MAL
oceurs in 4 mean-square sense when all unknown sig-

nal phases {0, } are aligned, i.e.,
max E{{MAL(S, D17} =E{MAL, 0=0;- D)7 (23)
[

forz=1,., K and a unil vector 1=(1,..., 1).

Based on the worsl-case assumption, the matrix filter
R ™! can be evaluated as follows. First, the cocfficients
E,"  of the crosscorrelation matrix R are simply given
by —1/N for k#¢ and | for k=1. Denotc by A, the
determinant of the nxn matrix having the above
coefficients. By observing the structure of the matrix
R, it is easy to show that for n=2,.... K,

Ay=(1+ /lv )A,,,,,---"/':] (1+ 15»)“" (24)

2094

where the initial condition becomes A, =1. From the
above recursion, we find that the determinant of R

has the expression

K K"*l
(I A (! 29

Next, we proceed o determine the matrix Adj(R), the

adjomnl of R, whose elements are defined by
(Adj(R)) = (- DFP 7 det My, (R)). (26)

Here M, (R) is the (K- 1)x{(K--1) submatrix of R
obtlained by deleting row & and column 7 of R. After

a few manipulations, it can be shown that

Ik o A
I+ ik #1,
(Adj(R)), = ! N ( f\‘) (27)

Ay if k=1

Hence, the inverse of R is calculated directly through
the formula R = A" Adj(R) by combining (25) and
(273

Now, 1f we substitute the inverse of R into (22)
along with R(8) where cos(0; ~ () =1 is assumed in
(18), the residuat MAT in view of the ith user is cqual

[

[MALOY; = PUS) + SUL ;(5) (28)
where [ MATLS)], denotes the residual MAT according

Lo the worst-case assumption, and

ik w\/Ei b, () ~ ] L

PUS) = Ar {AK| i1+ . (1 + ()]

P ey 8o i) (29)
N» ( N ) I:_'Jl i Ok, s

k Ay

A G bl Apoy x I
Y Nk Yk Kl 5 - 4o
k‘_‘l !/\ [ N kal‘k(l) N

kot

SU@ i (()) -

1 ixos~
() T O]
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-+ kZ::l jgl AK NZ (1 + N ) 51'[!/2,}‘([).
kAiAL jER (30)

In the above, we see that the first term PU;(8) is
cssentially due to the unknown random variables of
the ith user, namely, 3, b;() and b;(I —1). Thuys, it
can be interpreted as the self-interference which is dif-
fereﬁ[ from the second term SU, ;(5) caused by other
users. We refer to it as the inter-user interference in
view of the ith user.

Conditioned on &;(/), the self-interference PU,(8;)

has the mean value
E{PU,(5)16,(0)} = _\/Ebi(z)gkéii‘— (I +~~~1:—,—) a1
K

where we have assumed E{oy ;(D}=0(k=1,..,K) for
large N because of the pseudo randommess of {¢;}
and the random chip delays {w;} varying from bit to
bit. It remains to evaluate the inter-user interference
SUp, ;(8) which can be effectively modeled as the
Gaussian random variable for large K. We then

evaluate the second-order moment 0’12 8)

o (&) =E{SU; ; (8}

(N +32-2(K+2)
(N—-K+1)? )
(32)

This result implies that the residual MAI caused by
the timing offsets is approximately in inverse pro-
portion to N? for given system parameters. When
compared to that of the conventional single-user
detector, we have drastically reduced MAI for larger
N even in the presence of the timing mismatches at
the decorrelating detector, since the conventional
MALI decreases linearly with N [4].

We now turn to the performance analysis of the
decorrelating  detector based on the worst-case
residual MAI. The probability of error at decision
upon b;()) of the decision vector R™'y in (16) is
expressed by

BB HERS TG 2 SN 4278 A58

Pi(eld)=Pr[(R™'Y); # VEb;(1)|8] (33)

Z0 (\/:Eji‘(]‘;wg;XK—l/AK(l +}/N;)2 )

02 (8) + o} Ax-1/Ax G4

When the common code assignment having distinct
code phases is employed for a single-ccll CDMA net-
work, the multipath has a crucial impact on the
multiuser performance of the decorrelating detector.
In this case, it is necessary 1o properly estimate the ef-
fect of multipath by characterizing the residual MAI

that results, which is
MAI (. 0, 0)=R~'R(z) AE'2b. (35)

Here (3:((},,..., (3,() implies explicitly the dependence
of li(r) on thesc parameters. For simple analysis, we
have assumed that the multipath channel has two sig-
nificant resolvable rays with the signal intensity vec-
tor A.

The worst-case assumption on the residual M Al
occurs in a mean-square sense when all unknown sig-

nal phases {0} and {0, } are aligned, i.c.,

maxE{[MAI(z, 0, 012} = E{[MAI(z, 0=0; - 1, 0= 0)]3}
0.0 (36)
forz=1,.,K.

Since the inverse of R remains unchanged under the
worst-case assumption, substitution of both R~ and
‘i(l’) into (35) yields the residual MAI in view of the
ith user

U +Ts a0

P Ag N
P LYY 4t a,L0) (37)
N2 ( N ) ,’:‘] Tka].k
PR

where [MAI(z)]; represents the worst-case residual
MALI and (0,—0;) =1 is assumed in (21).

Then the second-order moment (;,2(1) can be obtained

o} (0)=E{[MAL())}}
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+21k

TN-k+?
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("(an +1)?
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X
LA E,
Py

)}

(38)

We observe the similar behavior of the residual MAIL,

namely, approximately the square-law inverse of N,

which allows to mitigate the worse effect of multipath
in case of small channel delays for larger N.

Thus, the probability of error at decision upon b;(/)
of the decision vector R™'y in (19) becomes

\

(;?(T) +0’§VAK~\/AK

Pl ZQ (e (39)

V. Numerical Results

To investigate the error rate behavior of the
decorrelating detector combined with common code
assignment, we first present approximate and exact
values on the second-order moments of the residual
MAI caused by timing offsets or multipath in Table
1, in which the first entry corresponds to the approxi-
mation obtained from (32) and (38). Here we have
used the m-sequence of period N=127 to compute
the true second-order moment which is generated by
the polynomial g(x)=x"7+x +1 with initial loading
1101101 [5]. It is shown that the approximation based
on the randomization {w;} can be used with good

accuracy for analysis of the decorrelating detector.

N

s . 1
4 6 13
E, /N (a8)

5700501013,
02025

Fig 1. Error rale P;(e|3) against timing offsets when K =
l6, N=127.

800501015
R 02,025

Fig. 2. Error rate P;(el3) against timing offscls when K=
32, N=127.

Table 1. The normalized second-order moments (x10 %) of the worst-case residual MAI caused by timing offsets or

multipath (equal energy, offsets, and delays assumed for all users).

channel K=16 N=127 K=32, N=127

delays o2 (8)Ex 82 GHD/ALE, 62(3)Ep 5} G2 D)/A E

Te=1 3.062 3.067 3.266 3.264 7.239 7.184 7.473 7.409
Te=2 - - 5.256 569 - 11.475 11.408

- R S - - A
Tp=3 - - 7.247 725 - - - -
Ti=4 - - 9.237 9.248 | - | - - -
i I
=5 - - 11.228 ] 11.080 1, - - - -
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Figs. 1 and 2 show the error rate P;(e|8) for vari-
I, .15, .2, .25) when K=

16, 32 and N=127, assumed equal received energy

ous timing offsets (3,=05, .

and timing offset for all users. For comparison, the
single user detector is also analyzed and plotted, in
which the decorrelating detector yields considerable
performance gain even with timing offsets. We see
that the performance gain is slightly large for K=32
because the increased MAI severely degrades the
single user detector rather than the decorrelating
detector.

Next, we look into the behavior of the error rate P;
(elr) in Figs. 3 and 4 which accounts for the

multipath, assuming several channel delays 7,=1, 2,

10 \ L . L L L
2 4 6 [} 10 & 1e
£, /N, (aB)

Fig. 3. Error rate P;(elt) against multipath when K =16, N
=127.

1ot ke
\\\
10!
single user det
10° b —_— .
10 |
e, 107 -
10° -
10"
w0 -
10" -
1070 b1 1 L f

2 “ [ £
E, /N, (¢8)

Fig. 4. Error rate P;(elt) against multipath when K=32, N
=1]27.

10! b single user det

ST

N S— —————
107 b — P ——
—
T —
1wt - R
“

o'} ——-—"-1 3 s(k-us)
—e—T=12 (K- n,
10 - —

Ey /N, (dB)

Fig. 5. Error rate P;(¢|t) against unequal received energy
when K=16, 32, N=127.

3, 4,5 (m=8x(k—1) and T,=1, 2 (i, =4x(k—1))
when K=16-and K=32 for N=127, respectively.
Here we have assumed that the multipath intensity
exhibits exponential decay, namely, A,ze =exp(—1:/A)
with typical delay spreads A = 10T or 57T, for example,
in the mobile satellite channels. It is observed that the

performance degradation is very little even with large

T4, showing greater robust against the multipath than

the timing offsets.

Finally, we examine the sensitivity of P;(€|1)
against unequal received energy in Fig. 5, assuming
the same set of parameters above only except E,=2E;
for all k#4. The error performance is still within
acceptable range, while the single user detector is
severely degraded to show undesirable flat error rate.
This implies that the decorrelating detector yields cer-
tain performance gain even facing with the near-far
problem as well as the channel impairment of timing

offsets or multipath.

VI. Conclusion

We have proposed the decorrelating detection
scheme based on the common code assignment in
which near-orthogonal code sequences being used are
discernible by their distinct initial code phases. To

show feasibility of the proposed scheme, we have
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characterized the worst-case residual MAI caused by Z & 2l(Dong In Kim)
the timing offsets existing in the reverse link of g3 EA188] =82 421 53 A2
centralized networks or the multipath with small

delay spread, which may be observed in the mobilc

satellite channels. In this analysis, we found that the

residual MAT can be reduced to the order of N2 so

the performance gain is sufficiently large enough to

mitigate the above channel impairments when

compared to the single user detector. It is also shown

that the decorrelating detector employing common

code gives betler performance even facing with both

multipath and near-far situation.
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