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Performance Analysis of Convolutional Coded
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ABSTRACT

In this paper, we investigate the performance of convolutional coded DS/CDMA system equipped with a
noncoherent M-ary orthogonal modulation scheme, and operating in multi-user environments over slow and fre-
quency nonselective Nakagami-m fading channels with an additive white Gaussian noisc (AWGN). An expression
for the pairwise error probability that can be used to compute the upper bound of coded system is first derived.
Performances of the DS/CDMA system with and without the convolutional codes arc then compared. We have
observed that the convolutional codes can compensate the degradation quite well in multi-user situations over the
Nakagami fading channels with the AWGN. For the case of an extreme fading, however, it has been seen that the

convolutional code reaches its limit to improve the overall system performance as the number of users increase.
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1. Introduction

During the last few years, the direct sequence/code
division multiple access (DS/CDMA) has been one of
the most popular radio access techniques for commercial
digital cellular systems or personal communication
systems. One of the interesting features of the DS/
CDMA system is that in the forward link a pilot signal
is used so as lo provide a reference phase lo a mobile
station, while in the reverse link the pilot signal is
normally not used since it requires the inclusion of
the pilot signal for each user {1], [2]. The transmitter
of the reverse link employs an M-ary orthogonal
modulation technique instead, so that a noncoherent
receiver structure is feasible [3]-[5]. A fading effect is
onc of the most significant faclors that degrade the
overall performance of the system. To compensate
this performance degradation, a convolutional code
can be utilized additionally with the noncoherent
M-ary orthogonal modulation.

The literatures on the fading problem frequently
usc the Rayleigh, Rician, and log-normal distribution
models for represenling the strength of a received signal.
Another fading model, so called the Nakagami-m dis-
tribution [6], fits certain urban experimental data better
than the Rayleigh, Rician, or lognormal distributions
[7]. While the Rician distribution spans the range of
the fading distributions from the Rayleigh fading to
nonfading, the Nakagami-m distribution spans the
range from the one-sided Gaussian fading to nonfading.
Morcover, the Nakagami-m distribution is much more
convenient for the mathematical analysis comparing
to the Rician distribution because the Nakagami-m
distribution is a central distribution [8].

The performance analysis of DS/CDMA system

with noncoherent M-ary orthogonal modulation in an

= AUt

additive white Gaussian noise (AWGN) channel were
presented by Kim [3] and Bi [5]. They derived the
closed form equations for the bit error probability
and verified the results by simulations. Jalloul and
Holtzman [9] extended the work in [3] by analyzing
the performance of the DS/CDMA system in multipath
fading channels. Bi [10] extended his previous work in
{51 by analyzing the performance of the DS/CDMA
system in the fading channel that has three different
kinds of multipathes. All these results were, however,
for the DS/CDMA system without the convolutional
codes.

Chang and Sollenberger [11] presented the perform-
ance analysis of the convolutional coded CDMA system
with the noncoherent M-ary orthogonal modulation
in a single-user environment. Ling and Falconer [12]
considered a family of the orthogonal and convolutional
codes in the single-user case, and discussed the design
and implementational aspects. They also showed that
it is desirable to use a code with higher convolutional
code rate and a larger orthogonal code size for the
noncoherent DS/CDMA system. Unfortunately, how-
ever, the closed form or the upper bound equations
for the bit error probability were not given.

In this paper, we investigate the performance of
convolutional coded DS/CDMA system equipped
with the noncoherent M-ary orthogonal modulation,
and operating in multi-user environments over a slow
nonselective Nakagami-m fading channel with an
AWGN, all in the unified fashion. In particular, we
derive expressions that can be used to compute the
upper bound of the bit error probability. Performances
of the DS/CDMA system with and without the
convolutional codes are also compared. In our analysis,
the perfect interleaving and no time dispersion are

assumed so that each symbol fades independently.
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This paper is organized as follows: In the next sec-
tion, the statements for the system configurations are
made. In Section HI, we give the bitl error probability
of the uncoded system in the multi-user environments
over Nakagami-m fading channels with AWGN. The
pairwise error probability of the convolutional coded
system is then derived in Section 1V. Numerical
results are provided in Section V. Finally, concluding

remarks are made in Section VI.
II. System Configurations

In the transmitter part of the uncoded DS/CDMA
system, every log, M information bits are first ma-
dulated by the M-ary Walsh orthogonal modulator to
obtain the Walsh symbols. Each Walsh symbol is
then spread by the L pseudo-noise (PN) chips that
are obtained from the long code gencrator. The
resultant signal goes into the in-phase (/) and quadra-
ture (Q) channels simultaneously, and the signal on
cach channel is spread once again by the short PN

sequence. The final spread sequences are modulated

cos(w 1)

(1) =

sin{w, 1)

c(t) pi(1)

by the quadrature phase shift keying (QPSK) procedure.
The block diagram of the receiver of this system is
shown in Figure 1. The received signal from all differ-
ent users is first down-converted to the baseband.
They are then despread and detected by a bank of the
noncoherent M malched filters.
Now, the transmiited signal of the i-th user is given

by

si®)= VP W/ @) c; () po () sinw, t

+ VPW e, p;cosw.t, 0<E< T, (1)
where P is the transmitted power per a Walsh symbol,
w, is the carrier frequency, and W/(¢) is the tra-
nsmitted 7-th M-ary Walsh symbol, 7=1, 2,---, M. In
(1), ¢; () is the spreading waveform of thc long PN
sequence for the i-th user, and p,(¢) and p,(¢) are the
spreading waveforms of the short PN sequences for
the J-and Q-channels, respectively. The spreading
signals ¢; (£), p;(¢) and py(¢) are the polar rectangular
pulses (chips) of the duration 7. The chip amplitudes

are assumed to be independent, and identically distri-
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Fig 1. The block diagram of the receiver of the DS/CDMA

system with noncoherent detection
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buted random variables with probability 1/2 of being
+1.

Let a is a Nakagami-m random variable whose
probability density function (pdf) f (2) with parameters
mand Q is given by [6]

2m" aZm—l 2

romaQ™

fla)= ,a=20,m>05 (2)

ma
exp [-— o

where I'(-) is Gamma function, Q =E[a? and m=Q?
/Var[&?] are the scale and shape parameters, respect-
ively. For m=1, we have a Rayleigh fading channel,
and as m goes to infinity, we have a channel of
nonfading. Values of m between 0.5 and 1 correspond
to deeper fading than the Rayleigh fading. At the
extreme for which m=0.5, the Nakagami-m distri-
bution becomes a one-sided Gaussian fading distri-
bution.

The signal arriving at the receiver of the base

station in Nakagami-m fading channels has the form
N
r(t)=3 a;s;t—) + () (3)
ey

where N is the number of users, t; is a random delay
of user ¢, #(¢) is a narrowband noise obtained from
the zero-mean AWGN with the two-sided power
spectral density Ny/2, and a; is the Nakagami-m ran-
dom variable of the z-th user. After the bandpass filter
ol the bandwidth W, the AWGN becomes a narro-

wband noise #(¢) that can be represented as
n{t)=n () cosw,t + n,{t) sin w1, “@

where #.(f) and #n,(f) are zero-mean and lowpass

Gaussian random processes with the variance N,W.

. Performance Analysis of the Uncoded
System

The outputs of the lowpass filters on the J-and the

Q-channels are given by

N
di®)=3 a; VPW (t—1)c;(t —7)
i=1

bt —1) QS_Q + ppt— t)s_“lﬂ + ncz(t) )
and
N — .
dp®)=L ai VPW/(t=r)ci(t—x)
2= 50 4 pott—) 5P +n2—(t) ©)

respectively, where 0; = w, 1;.

Let the k-th user be the user of interest. For con-
venience, we assume the perfect synchronism for the
PN chips. Define

Zf (t) =d/(t)ck(t —-rk)p,(t-—rk) + dQ (t)Ck(t“‘[k)PQ(t—‘[k).
)]
Substituting (5) and (6) into (7). we obtain

zf(t)=a;, \/FW] (t“l'k) [0050[, +p,(t—rk)pg(t—rk)sin0k]
+ Z a; \/FWj (t—Tk)Ck(t—Tk)Ci(f—Ti)
i=l,i#k

cos0;

[t =2 21t =) + polt—mpg =1

-+ [pl (t— Tk)PQ (t—t)+ bo - pt—1) ]
nc @®

smH }

ns (t)

+eplt~1o) [p,(t ) + po(t~1p) | ®

The output of the m-th correlator on the I-channel is

then given by

1 .
2n =5 [, O W=t
r. P , J
= [0 Y Wt —c W™t —1,)cos 0, dt
FIkE+ T A NE ©

where [% # is the self-interference due to the Q-chan-
nel short PN sequence, /% 7 is the multiple access
interference from other users, and le is the term due

to the narrowband Gaussian noise. These are computed
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respectively as
o

Ihk=g, \/* [ W7t ~1 ) W™t ~1,)
T, Je

l),(t—Tk)pQ(t“’[k)Sin()k dt, (10)

= Y g \/ g [T'Wf(t—r;)FV’”(t—rk)L‘i(t—t,-)Cg(t—rk)
T, Jo

% { [6:¢ =1 51t =) + pot =)Dt 1) cos l);
sin0);
+ [D:(t_fk)/)g =)+ polt—1)py (t—r,—)] \l: ] dt.
Tooan
and
l . N
V=g Jo et mronriw
[7260) b1t =20 + m (O o (£ = )] dt. (12)

Due to the quadrature nature of the short PN
sequence, the self-interference /% * can be negligible
as in [3], [5], [9], and [10]. Since we have assumed that
the j-th Walsh symbol is transmitled, the output of

the m-th correlator on the I-channel becomes

ar NEw cosO,+1F7 + N’;, m=j

N (13)
SR 4N m# j

i=1,1=k

where E, = PT, is the Walsh symbol energy. Similarly,

repeating the analysis for the Q-channcl, we obtain

@y NE, sin0, 157 + N’z) , m=7

sz = N (14)
. m k. j k .
i:f:v_';»fk[QJ +Ng. m#J

We now form the decision variables an(mz 1, 2,---,M)

of the k-the user as
S =(zf ) + (20 W) s

The receiver makes use of the maximum likelihood
decision rule to select the maximum value among the

deciston variables S’:". The index of the largest decision
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variables will represent the transmitlted Walsh symbol.
For the case of a single user without the AWGN and
the interference from other users, the detector output
is a” E,, when the M-ary Walsh symbol of the receiver
is the same as that of the transmiller, and is zero
otherwisc.

Note that the noise terms N," and NQk are Gaussian
random variables with zero mean and equal variance
N,/2 [3]. Now, for the statistics of multiple access
interferences 14 ¢ and 1% /. it is easy to sce that
3" and 1% 7 are also Gaussian random variables
with zero mean and the same variances. The variance
of It/ or I:* can be expressed from the results in
{3] as
Var[l,’“] =Var[/5-/’]— f‘ﬂ— SE E [a?]. (16)

2L -4k '

Let us restrict our discussion to the case of a slow
nonselective fading. Without loss of generality, we
choose Q=1 for convenience so that the received
energy wn the fading channel, af F,, has the average
value F,[a,2 |Eo=Q Ey. Therefore, the variances of
I3 and 15" become cqually Ey (N—1)/2L. Also,
assuming that the Gaussian noise terms and the multiple
access interference terms are mutually uncorrelated,
N,k + I,"" t and NQl" + IZ‘;" become Gaussian random
variables having the same variance such that

o Eu N,
KN (N—-1D)+ 5 (17)

Following Crepaeu [8], we find the symbol error
probability for the Nakagami-m channels by computing
the average of the nonfading symbol error probability
over the underlying fading random variable. Without
employing the convolutional codes in the DS/CDMA
syslem, the bit error probability P on the Nakagami-m

channels can be expressed based on the result in [3] as

M I3 ;%:I (»_‘l/)rdﬂl [M_]] ‘ nalﬁ'y
M- )= mtr Low 9P
4]

Py= Mada,

(18)
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that leads to

Pb=

M M (ot iM._ll  m g
2(M‘l) a1 ntl n B ——

" 2n+1) "
(19)

Here, is given by

E, N-1 N, 1!
Yp=— = |~ , 20

o? 2L 2E, (20

and E,=log,(M) E, with E, being denoted as the
information bit energy. Recall that as m changes from
I to infinity, we get the Rayleigh fading to nonfading
(that is, just AWGN only).

V. Performance Analysis of Coded System

In this section, based on the results in the previous
section, an analytical expression for the pairwise error
probability of the coded DS/CDMA system in
Nakagami-m fading channels with AWGN will be
derived. The performances of the DS/CDMA system
with and without the convolutional codes are also
compared.

The information bits are first passed through the
convolutional encoder of the code rate R and the con-
straint length X to generate the code symbols. Every
log, M code symbol is then modulated by the M-ary
Walsh orthogonal modulator to obtain the Walsh
symbols. The detector output an is used as a metric
for the soft decision of the  Viterbi algorithm.

Let y‘:) (n=1, 2,--+) rcpresent the decision variables
for the n-th branch of the r-th path through the trel-
lis. Suppose that the first Walsh symbol, i.c., the
all-zero code word, is transmitted. Let the case » =1
denote the first B-branch all-zero path, and let the
case ¥=2 denote the second B-branch path that
begins in the initial state (i.e., all-zero state) and

remerges with the all-zero path after B transitions.

Then by the decision variables given in (15), the two

input variables to the decoder become
Y= Spme i (), @n

Skt_,(m), if the Walsh symbol of the »-th branch
¥ = of the second path
= the Walsh symbol of the first path (22)

Sk (n), otherwis

Let y‘nz”= Sk (), and define the decision variable
for the 7-th path consisling of B branches through the

trellis as

B
Ur=3 7. (23)

n=1

The decision variables for the first and the second

paths consisting of B branches are given by

B

Un=% y0, (24)
n=1

and
d ’ B

U= 30+ 3y, (25)
CES] n=d+1

respectivley, where d is the hamming distance between
the two path. The difference between U and U@ is
then

d
U(”—'U(”=Z (y(nl) __y(i)'). (26)
n=1

For convenience, we now redefine the two decision

d d

UW=Y yV= 3 Sp_ (), @7
n=| n=1

and
d ] d

U=y y(z,,) = L Smei (). (28)
n=1 n=1

Note that U is described statistically as a noncentral

chi-square random variable with 24 degrees of freedom
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and noncentrality parameter

M=

d
zZ= (an)2 Ey,=E, g (an) 2, (29)

n

where @, is the signal strength of the received signal
of the »-th branch, and E,= R log;(M)E, with R
being denoted as the convolutional code rate. Note
also that unlike the uncoded DS/CDMA system
described in the last part of the previous section, the
convolutional code rate R is included in the
expression of E,. The conditional pdf of U can now

be written as

I [ u! 'u-n/z [ z4u? ‘
D)oo | N _cTH
SLu"2) 3a? P exp 52
Jzull
Li-y [? ] ,u 20 (30)

where o2 is given in (17). On the other hand, U? is
statistically a central chi-square random variable,
having 2d degrees of freedom with the pdf as

1 ()

) — e @ __"u
S = i g =iy ¥ exp[ 20°

] ) 22 >0
(3D

Using the results in [19], the probability of error in

pairwise comparison of the U™ and U leads to

d-1
o _ 2% d-+i-1
P(diz)=2 CXP‘ 207 ] = d—1 ]
V4
Wy d d;“;‘] 27, (32)
4a°
where F,(a, B;x) is defined as
o + &
By i)=Y ACTREB

i—o T{)T(B+RE!
(33)

To evaluate P,(d) from P,(dlz), we still have to
know the distribution of z given in (29). Since the a,’s
are the independent and identically distributed
Nakagami (m, Q) random variables, it can be shown
[20] that Zi:n (a,)? is the square of the Nakagami

2450

(md, Wd) random variable and thus the pdf of z is of

the form

|
S D= romay | B,

QE,
(34)

Therefore, the pairwise error probability becomes
Py(d)= [ "Pyd|2)f (2)d. (35)
Jo

It is shown in Appendix A that the pairwise error
probability P,(d) on the Nakagami-m channels for

=1 can now be simplified to

d- _
Pudl2) = yd 5 d +1 ]}

[YTm] et d—1

Y
JF, {d+1, md’d;,z,,(y+m),] 27, (36)
where
! N—=1 -
== o -+ = \ 3
T ‘Rlogl(M)')’,, * L l 37

and 7= E,/Ny. Note that ,F, (a, f5, ¥:x) denotes the
hypergeometric function.

We are now ready to compute the upper bound for
the bit crror probability by associating (36) and (37)
with the expression for the upper bound given in [14].

We reproduce it here for convenience:

Py Y BuaPy(d). (38)
d~d,,,

Note that the distance in (38) must be measured by
the unit of Walsh symbols. Note also that d,.. is the
minimum weight (in term of the number of nonzero
symbols) of the nonzero path. For the convolutional
code of the rate R=1/3 and the Walsh modulation
with M =8, for example, ds,.=9. The information
weight spectrum fi; is the total number of nonzero
information bits for all the inputs that have the path
weight equal lo d. Here, a computer search technique

is used to find the first few terms of 4.
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V. Numerical Results

The processing gain for both the uncoded and
coded cases is chosen to be 128 so that the chip rate
becomes 128 PN chips per an information bit. We
first consider the case of the uncoded DS/CDMA sys-
tem with the following parameters: M =8 (i.e., 8-ary
orthogonal modulation) and L =384 (ie., 384 PN
chips per a Walsh symbol). Note that every 3 infor-
mation bits are modulated by the 8-ary Walsh
orthogonal modulator, and each Walsh chip is spread
by 48 long code PN chips. Considered next is the case
of the convolutional coded DS/CDMA system with
the following parameters: the convolutional code rate
R=1/3;the constraint length K=9:M=8;and L=
128. Note that every 3 code symbols are modulated
by the 8-ary Walsh orthogonal modulator, and each
Walsh chip is spread this time by the 16 long code
PN chips.

[RE]

- NAKAGAMI CHANNEL ™
-1 b m = 00 :
L Coded (L. = 128)
| N . Coded (Simulation)
= LN
z Vo wee==-- Uncoded (L = 384) /
z S :
& VL3 c
RN Nt 35T
N=1 3.5 7. 3§
1E-3 ® "
oA
TE-6
3 s 6 7 8 9 1w 1112 13 14
Eb/No (dB)

Fig 2. Bit error probability of the coded syslem versus Ep/
No:R=1/3, K=9, M=8, N=1,3,5 7,9, and m=
0,
Solid kines are for the theoretical upper bounds of
the coded system, solid lines with diamonds are for
the simulation curves of the coded system, and
dashed lines are for the theoretical curves of the

uncoded system.

Bit Ervor Probability

1E+0
NAKAGAMI CHANNEL
£ M=8m=10
Coded (L= 128)
IE2 Uncoded (L= 384) |
13
9
N=t 3.5.7
JE-4 .
N=1 3579, }
IE-5 A
1E-6 L L -
4 s 6 7 % 9 10 10 12 13 14 15
EBNo (dB)

Fig 3. Bit error probability of the coded system versus Ep/
Ng:R=1/3, K=9, M=8 N=1,3,5 17,9, and m=
10.
Solid lines are for the theoretical upper bounds of
the coded system and dashed lines are for the theor-

etical curves of the uncoded system.

1E+0 !
1E-1
L lE2 : e T
2 ' o2
z R
£ N=1 i
£ IE3 y
5 .
m: - S ,\; -
164 NAKAGAMICHANNEL |
: M=8m=2
65 N=1 3579 Coded (L = 128)
Uncoded (L = 384)
.‘ 3\“ e RSN — ,/‘
1E-6 : | L]

45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Eb/No (dB)

Fig 4. Bit error probability of the coded system versus Ep/
No:R=1/3, K=9, M=8, N=1,3,57,9, and m=
2.
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Bit Error Probability

Bit Error Probability

1E-0
T
. 9
’o 3 3
B2 Nl
NAKAGAMI CHANNEL

1E-3 M =8 m-~ |

. Coded (1. = 128)

9
1E-4 N=1 3057 Uncoded (L = 384)
1E-5
1E-6

405 6 7 8 9 10 11 12 13 14 1S 16 17 18 19 20

EB/No (dB)

Fig 5. Bit error probability of the coded system versus Ey/
No:R=1/3, K=9, M=8 N=1,3 579 and m=

1
LE40 e .ﬂw_____}
s [ AR Q9
1E-1 <7
3
Nt
162
NAKAGAMI CHANNEL
M=8 m=05
3 9
IE3 L . Coded (L = 128)
‘5 ; ' Uncoded {L = 384)
1E-4 N=1' 3\ S
155
1E-6
5 10 15 20 s 30
Eb/No (dB)

Fig 6. Bit error probability of the coded system versus £/
No:R=1/3, K=9, M=8, N=1,3,5 7.9, and m=
0.5.

For both the cases, the resultant signals are spread
once again by the two short PN sequences in both the
l-and Q-channels separately. The generator polynomials
for the long PN sequence and the two short PN
sequences are used as suggested in [15]. We assume
the perfect synchronism of the PN chips throughout

the experiments.
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In Figures 2 (o 6, we configure the overall
performances of the coded and uncoded DS/CDMA
syslems [or the AWGN channel with various fading
environments having the Nakagami parameter m= %,
10, 2. 1, and 0.5, respectively. In each figure, the
numbers of users are selected to be N=1, 3,5, 7, and
9. The dashed lines represent the analytical curves of
the uncoded system obtained by using (19), while the
solid lines represent the analytical curves for the
upper bound of the coded system by using (38). In
particular, also plotled in Figure 2 are the simulation
results for the coded system in order to check the val-
idity ol our analytical results for m=% and N =1, 3,
5. 7. and 9. We can sce that the theoretical upper
bound given in (38) matches quite well with the simu-
lation results.

From Figures 2 lo 6, we observe thal when the
fading gets deeper, the performance of the uncoded
DS/CDMA system degrades very sharply as the number
of users increascs. But we see that the convolutional
code with soft decision Viterbi decoder improves the
performance of the uncoded system quite successtully.
In the coded DS/CDMA case. we can sce a dramatic
increase in coding gain as the value of m decreases.
For the extreme fading such as the case when m=0.5,
however, the convolutional code seems to reach to the
limit in improving the overall system performance as

the nuimber of users increase.
Vl. Concluding Remarks

In this paper, we have investigated the performance
of convolutional coded and uncoded DS/CDMA sys-
tem equipped with the noncoherent M-ary orthogonal
modulation, and operating in the mulli-user enviro-
nments over the slow and frequency nonsecleclive
Nakagami-m fading and AWGN channels. We first
derived expressions for bit crror probability of the
uncoded system. The pairwise error probability that
can be used to compute the upper bound of the coded

system was then derived. Performances of the DS/

www.dbpia.co.kr
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CDMA system with and without the convolutional
codes were also compared. The computer simulations
were carried out in order to demonstrate the validity
of the theorical upper bound of the coded system,
and found that the two results match quite well.

By employing the convolution code, we have
obscrved a dramatic increase in coding gain when the
fading gets deeper. For the extreme fading such as the
case when m=0.5, however, it has been seen that the
convolutional code seems to reach to the limit in
improving the overall system performance for the

large number of users.

Qur analytical expressions for the upper bound of

the bit error probability of the coded system as well
as the bit error probability of the uncoded system are
mathematically very simple and practically very useful
in evaluating the overall performance of the DS/
CDMA system. It is hoped that the results of this
work provide additional design criteria for the DS/
CDMA system operating in multi-user environments
over the slow nonselective Nakagami-m fading and
AWGN channels.
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APPENDIX A
Derivations of Equation (36)

This appendix provides derivations of the expre-
ssion given in (36) from (35). Rewriting P,(d) on the

Nakagami-m channels for Q=1 gives

24 m md d;] d+{—1 x
., e Y o2t
P D=1t | e ) & s e
S Lo A
exp 50" T E, I F-4 F [ d+i,d; PPt ’ dz.

(AD)

Using E,/2¢>=Y and z/E, =t, we oblain

(m"‘dd)fz d+l~l’i«:,

h(d)= F( d) /= d—1

Yt
expl = + m)t 171 | F, [d+1,d;3—] dt.  (A2)

The integral given in (A2) can be solved by making

use of the relation as

fwx”“' exp(—px) mFol@r, - @p p1,-.pn: AX) dx
Jo

A
=T ™ i1 F ah'"ﬂmUspl,“',l’ni‘; . (A3)
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By using (A3), the integral term of (A2) is given as
[[expl =0 +myeltmi=t Fy | d+1 a7 ] dt

_ -md oV d 4+ omd. d;——
T (md) (¥ + m) zFuld“»md’d 200 +m)

(Ad)

where ,F (o, f, ¥:x) denotes the hypergeometric

function given by

JFy(o, B i) =

“ TR T +ET) 2t
=0 T@UCPOTE+R)E

LY #0, —1, =2,
(AS)

Now, equation (36) is obtained by inserting (A4) in
(A2).
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