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A Convergence Analysis of a Differential Method for
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ABSTRACT

In this paper, we investigate convergence behaviors of a differential method for 2-D motion parameter estimat-
ion. While the differential method is widely studied for motion compensated prediction in video coding, little at-
tention has been paid to its convergence properties. Based on the nonseparable exponential covariance image model,
we derive the estimates of update terms for the 2- and 6-parameter motion models. And, the effects of noise, spatial
correlation, choice of spatial gradient measures, and the size of a region, are quantitatively analyzed in relation to

the convergence speed. Some empirical results are presented to verify the analysis,
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o]% 24 (motion estimation) ¥ tiX|g F3A4 ZAeL & slern], 94 B33A)g olF 33
338 A% 84 71E59 iz g 97t o olg} & olF FIPsE 2x¢Y olF IHYrEES
s gmEe ] % e Fahe Zg IR dEHQ olE F oz
U E 9805(‘;02; e 3 3 71¥(block matching algorithm)[2]3} v &
BTN : 19984 2) 1117 o]% %% 7]¥(differential motion estimation method)
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594 333 EF B EC] Agstn At 22k
B3 99 Mg Fo=A Arie BY FAdNA
A Adel, g4 Bazel Fvtz Wi o]Fo| of
U 238 olF 2dd dside AMA 8] E7)
side EAHE 7RG

u]E o]F 33 7L urlgke] AlFIE AL (spatio-
temporal gradient)& ©] &3 X #14Ho2 o|F I
gl g Ak Polth o 7IYe 279 wa}
vgjvte g EEEHE H7 0% Rd¥st oz, 3
A (rotation), ¥l (zooming), ¥ (deformation)5&
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o o]& A£31%]3(7], Papadopoulosi 23} 7|3} Hg
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I ()2} alAh Qe % ) W) Wbl &
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L(s)y=1I_,(s—v(s)). [€))]

el dold v(9)=[v, (s),4,()]7 o|F Welg

ebdch 9l A9} $Me 5B YO Taylor 35
AN F, 2% olge] P& FAISHY,

FD(s)+v(s)T vI_{(s)=0 (¥))]

o] o, fle] AolA vi_, (s)=[dl,_,(s)/dx, I, ,(s)
(o178 x-dbak, y-wake] F3IF ZA} (spatial grad-
ient)y& UtERACE &, FD(s)=I(s)— 1., (s)EM
G4t xpolgt (frame difference) & 2Jvisis], TAE
2.2 Azt 7A} (temporal gradien) & WERATE 4(2)
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o] A& 2(2)e] v(s)ol Y3y,

FIXs)+ hl g, (s)~0, n=2,6 &)

€+ 4T F Ut A9 HelA

g:(8)=[g.(8), g,(8)]", (6)

g6( 8) =[xg.(8), ya.( 8), 2 8), x&,( 8), yg,(8), g,{8)]7
)]
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73Atolx}.

(S FD(s), £,(s), g,(s)e A AL,
Folz W7IEEE olgd T + Ue Wol2, h,
& Aukee BAwo] dAl € h,9) FPE Ynty
o2 gt B Ha g BAd 23 T

h,= argn:in ’ga(m(sn hlg.s), n=2,6. (8)

A9l HolA §,& h,o Ao, Q& WA 9B
9] o}% 38 4] sl A B HEFEoI
geg, h,=[(%, %17, Bs=[a}, 2, ..., 3172
Z olg Helolee] 2P E Fr|REE otk 99
A& 2k A e g 2k

b, = —( _ZE:,, (ga(8) g, s))'1
()]
-28:9 (g.(s)FIXs)), n=2, 6.

A9 A& i Gl 7 AhEe AFT AA
€ THoIN olF HEHE ALY F USE
Hogrt

ol f= FAM & F URe|, v olF F
A 7IHE 43 A3e HE HA¥oz IARE
ol® HevElE FHIRZ, o|FFl AL U
g A& 7] oo ol o2 A
A FAAde 2O)E HEHoz AMREE olF H
%} HHE (motion compensated iteration) 7)¥o] AMEE
t}. o] o, A9 o8 FHR = P = olF Het
ule] & 7JAEH7] 1% 734 wejole] (update parame-
ter)7} ®oll Fojsfol gt o)F R ulE o B/
AMe B89 3, 48 Fndd uigh, oj¥ze
549€ FHpshe HO)9 ol&d E4q & 93
32} &l
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covariance model) = #A F-8(white noise)oll 2|3t
g4 zdyge Qe FHE o2 LnFEe
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A 44 L(s)e Aol o8 o]d F47 BA S
Hell FE312k
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h,= argmin E[ Zg (FD(s)+ hT g s))z], n=2,6.
' s€
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Fig. 1 Theoretical estimate of 2-parameter model for x-dir-
ectional translational motion
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agul, AA olE FAl 2 AT} ojFA
Al g B4o] gifithe HolA & A9 ¥
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I Ute el 71tk F, o)% AY L a4 o
A2 1 Bie Fe 9 e sAEE ol83te
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o #AG uh Aed[i2], He BN ol FFH2

2 ol Stk ayeA M FRsop & Fe,
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3-(0)e] Aol widt FHFo] FUigel wel F4x
e] 377t F43 Folrltke Helth &, F2o] ¢
£ de 38 A¢7t 28 At 28 £awdA
g T, o Pz o] HE AMe
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A HElge] ¥WaAde BHAFe ook A9 g
Ege g HEiA 48 As-E 2o A9
g 7H & 2 olle, FEE AiAE d9¥c
et ole e A gEHge] ZFadd] dqF dge

()

O 3. Aeel Yo o ol&A X9 A% (o]H I3
o] Ft AAM AR 2-ghehulE] BY) (a) o,=0.95
®) p.=0.75

Fig. 3 Variation of theoretical estimate due to noise (spa-
tial gradient of previous frame, 2-parameter model)
(@ £,=0.95 b) 0,=0.75
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e olg] BRFAME Hel T4, S, 7, 16, 17, 18]
a9 4 HF S o83 Aol Hig aeEa
A, ek BAES € 4 A% a7 39 a9
4% ey, 3hgo] Wik ASCE B AAE
o|g3te A7k old WA A o gah: 7
ol Wsted 2R HAlgel o SIS 9 5 Ak

ol e e} ojBute] EAleh Bgel 2-vje}
wlel 3ol ek EAolgith Yo X y-
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A4 Y 5 Yok 6-seju)e] Fo) %

ok

42 o ot

15, 4l

(b)

a3 4. 33 el AF ol&H R A s (F 43
s T A4 A 2-mEle md) ()
0, =0.95 (b) p,=0.75

Fig. 4 Variation of theoretical cstimatc due to noisc (aver-
age spatial gradient from two frames, 2-parameter

model) (@) 0,=0.95 (b) 0,=0.75
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sl Bl po=p,=0.95)

Fig. 5 Variation of thcoretical cstimatc @, duc to region
size (ZN+ 1)~ (2N+ 1) (spatial gradicnt of pre-
vious frame, 6-parameter model, p.= p,=0.95)
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America’(MSAM) the Ist frame. Region size 81X 81.
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frame. Region size 141 <111 p, 0,939, p,= 0.848
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Fig. 8 Comparison of experimental and theoretical estima-
tes of x-directional translational motion (2-parame-
ter model) (a) MSAM (b) PIPO

PIPO %/do] MSAM <d4el vidld A7t o 3
ek ol [AL oj&8H EM 3zt Yx|ZHt

E 13 2% 74zt MSAM¢) PIPO 93’de] 7320 of
&, 6-vlejulele] 3 Aro|th A7iA] A& B
23l7] gt Wzl olE, ), P dig AAE
bzt Bqch vlmel HelE sl ohgd o} F
o5+ Wi AMY 231 (AME;average mapping error)

B 1. 6-melle] o] 2ol it AWAs) oAl wWim
MSAM 4% (@) ¥ °1F (b) & (o) A 5
Table 1. Comparison of experimental and theoretical estima-
tes of 6-parameter motion estimation. MSAM ima-
ge. (a) Translation (b) Zooming (c) Rotation (5°)

gradient | @, ap as ay as ag | AME
hg (actual) 0.000 0.000 3000 0000 0.000 -2.000{ 3.62
theoretical| previous| 0.000 0.000 0.771 0.000 0000 -0.571) 2.65

b g| empirical | previous|-0.001 0.008 0.989 -0.002 -0.008 -0.678| 243
average [-0.009 0015 1990 0011 -0010 -1.445| 1.27

(a)

gradient| @y ay a3 ay as ag |AME
hg (actual) 0.200 0.000 0.000 0.000 0200 0.000| 6.61
theotetical | previous | 0.026 0.000  0.000 0.000 0.028 0.000| 5.72
h | empirical | previous | 0054 0.013 -0.019 0003 0.034 0036 5.18
average [ 0.101 0.026 -0.072 0.007 0.084 0.002| 3.62
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gradient| @y a; a3 a4y a5 ag |AME
0004 -0.087 0.00 0087 0.004 0000| 238

previous| 0.001 -0.026 0.000 0028 0001 0000] £.99
"h | empirical | previous |-0.002 -0.048 -0011 0047 0.001 0034|132
average | 0.000 0090 0005 0.087 0.002 D043 0.13

©)

hg (actual)

h :al
theoretical

E 2. 6-gtehilg] ol ol izt AP} 0|84 um
PIPO 9’ (a) B4 ol (b) &t (o) A (5°)
Table 2. Comparison of experimental and theoretical estima-
tes of 6-parameter motion estimation. PIPO image.
(a) Translation (b) Zooming (c) Rotation (5°)

gradient| @y a; a3 a4 as ag |{AME
hg (actval) 0000 0.000 3.000 0000 0.000 -2.000] 3.6
theoretical| previous | 0.000  0.000 0.357 0.000 0.000 -0.674| 2.96

h | empirical | previous | 0.007 -0.012 0.404 0.003 0010 -0.329] 3.14
average [ 0.016 -0.032 0.813 0.008 0019 -0.693| 2.89

(@)

gradient| @ @ a3 ay as ag |AME
hg (actual) 0200 0000 0.000 0.000 0200 0.000]10.36
theoretical | previous [ 0.005 0.000 0.000 0.000 0.008 0.000 | 10.04
h 4| empirical | previous| 0008 0.005 0.094 0.002 0001 0127|1009
average | 0017 0.007 0322 0.004 0001 0342| 9.83

®)

gradient( @y @ a3 a4 as ag |AME
0.004 -0.087 0.000 0.087 0.004 0000 4.51

hg (actual)

~

hg

theoretical|

previous

0.001 -0.008 0.000

0012 0.000 0.000

n

empirical

previous
average

-0.002 -0.008 0.054
-0.007 -0.019 0.247

0004 -0.003 0.147
0010 -0.010 0.342
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