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On the 3-Ranks and Characteristic Polynomials of HKM and Lin
Difference Sets

Jong-Seon No*, Dong-Joon Shin** Regular Members

ABSTRACT

In this paper, the p-ranks and characteristic polynomials of cyclic difference sets are derived by expanding the
trace expression of their characteristic sequences, By using this method, it is shown that the 3-ranks and characteristic
polynomials of Helleseth-Kumar-Martinsen (HKM) difference set and Lin difference set can be easily obtained.

I. Introduction

It is well-known that a cyclic difference set
with Singer parameter (2"-1,2""'—1,2""%-1)
[2], [3] is equivalent to the binary sequences of
period 2"—1 with ideal autocorrelation property
[41, [51, [9], [10], [11}. Recently, nonbinary
sequences with ideal autocorrelation property have
been investigated and some tesearch results are
introduced. Helleseth, Kumar and Martinsen [8]
found ternary sequences with ideal autocorrelation
and it tumed out to be a cyclic difference set
with Singer parameter (-3§f_:11, ﬁ%l, —3%1)
[13], [14]. Lin has found a new family of ternary
sequences of period 3"—1 and he conjectured
that it has the ideal autocorrelation property, when
n=2m+1 [12]. Under this assumption, a cyclic
difference set (Lin difference set) with Singer
parameter ( 4=1, 3%1, —33—31) can be obtained
[13], [14].

In this paper, the p-ranks and characteristic
polynomials of cyclic difference sets are derived
by expanding the trace expressions of their
characteristic sequences. By using this method, it
is shown that the 3-ranks and characteristic
polynomials of Helleseth-Kumar-Martinsen (HKM)
difference set and Lin difference set can be easily
obtained.

II. Preliminaries

Let D be a (v, kA) difference set [1], [6]
defined as a set of £ distinct residues modulo o
expressed by

D={C‘1,CZ,C3,...,CI¢}- (1)

Then each non-zero residue occurs exactly A
times among the A(k—1) differences c¢;,—c;, i#j

and thus it satisfies
A(v—1)= Kk~ 1).

The complementary difference set of D is a
(v,v—k,v—2k+A) difference set defined as

D=Z\D,

where Z, is the ring of integers modulo o

Then for integers ¢ and b, a set aD+b is

defined as
aD+b= {a-c,+ba-cy+bac;+b,
e g Ck+ b},

where a- ¢;+ b is taken modulo ». For integers 2
and b, two (v,kA) difference sets D, and D,
are said to be inequivalent if D, is distinct from
aD;+b for any integers a4 and 5,
1ae<v—1, 0£bzv—1, whereg is relatively
prime to . The characteristic sequence of a
cyclic difference set D in (1) is defined as a
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binary sequence given by

(1, if teD
O=( ¢ i D

and the characteristic sequence of its complemen-
tary difference set D is defined as

_ (1, if =D
skt = {0 i teD
= 1—s(9).

The characteristic polynomial of a cyclic differ-
ence set D is defined as a least-degree linear
recursion equation over F, of characteristic
sequence s(#) of D. The prank [7] of cyclic
difference set D is defined as a degree of
characteristic polynomial of the cyclic difference
set D. In order to prove the inequivalence of two
cyclic difference sets, the prank is often used.
However, it is very difficult to find the pranks
of cyclic difference sets.

Let n=e-m>1 for some positive integers e
and m. The trace function is a mapping from
F, to its subfield F,. defined by

=T @

where x is an element in Galois field F .

. p-Ranks and Characteristic Poly-
nomials of Cyclic Difference Sets

As it will be given in the following theorem
and lemma, the characteristic sequences of a
cyclic difference set and its complementary
difference set can be expressed by using the trace
expressions and the p-rank can be calculated by
counting the number of terms in the trace
expression. Moreover, by finding the minimal
polynomials corresponding to this trace expression,
we can easily obtain the characteristic polynomial.
This method will be used to find the 3-ranks and
characteristic polynomials of HKM and Lin
difference sets in the following sections.

Let A# be a function from Galois field F,

to its subfield F,.. Then we have the relation as

follows:

1258

o= A0

As in the following theorem, therefore, the
characteristic sequence of a cyclic difference set
is given by using this relationship.

Theorem 1: Assume that (% A4) cyclic
difference set D and its complementary difference
set D are defined as

D={t1ANH=0, 0<K v} 3)
D={¢tAD+0, 0=}, “)

where A1) is given as the summation of trace
function from a Galois field F, to its subfield

F M t.hﬂt iS
Ad= ;:Itr;(a“')
for some index set 7 and ecF, .

Then the characteristic sequences of the cyclic
difference set D and its complementary difference
set D can be expressed as

(H=1=-s5P, (=v

and

sdH=[API" 7L, 0=Kw %)

a

In order to find the prank of the cyclic

Difference set D, we have to expand the trace

expression in (5) as given in the following
lemma,

Lemma 2 : Let Dand D be a (v, kA cyclic
difference set and its complementary difference set
defined by equations (3) and (4), respectively.
Suppose that the trace expression of the
characteristic sequence s () of D can be

expanded as

s =LAD" ©)

[ 2 oa(a®]” 7 = Fea”,

where J is an index set and c;=F). Then the »
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-rank of the complementary difference set D is
given as |, which means that the degree of
chatactetistic polynomial of D is |A. And the »
-tank of the cyclic difference set D is also given
as |N+1, if [D=v—k is divisible by ».
Proof : Let g(x) and g.(x) be the characteristic
polynomials over F, of a cyclic difference set D
and its complementary difference set D, respecti-
vely. Since there is the relationship between s.(#)
and s(2) as

s(H=1-s(1),
we have the relationship between their characteri-
stic polynomials as

€ R W €
gx  x—1  glw
— 8dx)—(x—1)b(x)
(=1 - gln)
where the polynomials 4(x) and 5(x) are
relatively prime to g(x) and g.(x), respectively.
If [D=v—% is divisible by p, then the number
of 1's in one period of the characteristic sequence
of the cyclic difference set D is a multiple of .
Therefore, the polynomial expression of the
characteristic sequence possesses the factor x—1
and it removes the factor x—1 in the
characteristic polynomial, which means that the
characteristic polynomial g.(x) is not divisible by
x—1. Therefore, the polynomial g.(x)—(x—1)5(x)
is relatively prime to (x—1)g.(x) and we get the

following relationship
&(x)=(x—1g.(x), )

if [D=v—k is divisible by p. Therefore, the »
-rank of the cyclic difference set D is |J+1, if
|Di=v—k is divisible by p.
o
If the equation (6) is expressed as a summation
of trace functions as

ROV = 3 2 e tlal™,

where ¢, =F,, J's are index scts and ¢, is a

primitive element of F the characteristic

ot

polynomials of the cyclic difference set D and its

complementary ' difference set D can be expressed
as in the following theorem.

Theorem 3 : If the characteristic sequence of a
cyclic difference set D is expressed as

sdH)= ugx E‘ZE].CH,,' i as*),

where c,=F, and if (D=y—A is divisible by
p, then the characteristic polynomials g(x) and
Z.x) of the cyclic difference set D and its
complementary difference set D are given as
follows:

20 =(x—=1) - glx) ®

ao= JI, T, ©

where M, (x) is the minimal polynomial of the

element a)'eF .
o
Note that the p-rank of D is one bigger than
that of D. For the cyclic difference set with

Singer parameter (v,4,4) = ( <=b, <51,

L1y, where =", v—k=¢""'=p"""" is
divisible by p. Therefore, the above theorem can
be applied to find the p-ranks and characteristic
polynomials of the cyclic difference set with
Singer parameter and its complementary difference

set.

IV. 3-Ranks and Characteristic Poly-
nomials of HKM Difference Sets

Recently, Helleseth, Kumar and Martinsen
introduced a new termnary sequence (p=3) with
ideal autocorrelation. It tarned out to be a cyclic
difference set (HKM difference set) with Singer
parameter and the p-ranks of HKM difference set
and its complementary difference set are derived
in the following theorem.

Theorem 4: HKM difference set with parameter

(v, k)= (A=L, E2=1 372=1) s defined by
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D={t| (") +tri(a®) =0, 0<KA=H),

where n=3k d=3%—-3*+1, and o is a
primitive element of F,.. Then the 3-ranks of
HKM difference set D and its complementary
difference set D are given as 2x2—2n+1 and
2n® —2n, respectively.
Proof: Let x=co' Then we can expand the
square of trace function as

[#r (a’)]zl

=[tP (D) ]P= 61 (x) - tr7(2)

=tri(x-ti(x) .

=wi(x (x4 224255+ 1)

_ 2Wﬂ(xl+3i)

. (x1+1)+'i‘:tr”(x1“)

n(x1+1)+2 ﬁ“ tr"(x”a)
for n= odd
_leratty g h,llzl(xuﬁ)
ol
+20 3 G,
. for n= even.
The characteristic sequence of the cyclic differ-
ence set D is given as

[} () + 7 (2D 12, (10)

Using the expansion of the square of trace
function, we can also expand the equation (10) as
in the followings.

() n=2m+1 (odd case)
(7} (0)+ tr} (D]
=[ #7012+ [ 67 (x9)]?

+2 - tx) - i (xD)
_n__.L

trl(x1+1)+2 2 tr"(xHa)

+t7’( (1+1)d)+2 ii trn( (1+3)d)
< t(x? - o())

=p 2 3 )
= g
+trf(x(1+1)d)+2 . ii (% (1+3%2)

Since

=3%4+1=3%-1+2

d- (3% +1) ;
=2 mod (3%-1),

1260

*
we have #7(x 1 = 2",

And since d+3*=3%+1, we have
e = ot Y = ().

Therefore,

[#rf () + & (2]
—9. i=ﬁ*ktﬂ-(x1+3‘)+tri:(x(lﬂ)d)

. ne . (1+30d
+ 2 i=$;*k”1 (x )

R PR R TISpE T
20 3 G ) (1
+ a7,

It is easy to prove that all exponents belong to

the different cyclotomic coset of size .

Therefore, the 3-rank of D is given as

(m=Dn+nt+t(m—Dnt+(z—Dntn
=2 w{n—1)

and the 3-rank of HKM difference set D is
derived as 2n°—2n+1.
(ii) n=2m (even case)

[} + tr7(xD]?
=[P+ H7(xD*+2 - tr7(2) - #r7(x%
=Y +2 - e

+20 BG4 1z O
+2 MM g gtri‘(x (3%
12+ B (e,
Since (1+3% - d=2 mod (3*~1), we have
tri(x O =),
and since 3%—3%+1+3*=3%+1, we have
(e ™) = () = (1),
Adding up the same trace terms, we have

Ler7(x) + tri(x D]
=2 PG 42 B MG

+ 05 0N £ 24 (x AT
- , (12)
+20 B e,

9. }j‘ w70 )+ (Y,
i=0,1¢k

It can be shown that all exponents belong to
different cosets of size # ot m. Therefore the 3
-tank of the difference set D is

m+ (m=—2)n+ nt m+ (m—2)n
+(n—Dn+n=2-n(n—1)
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and from (8) the 3-rank of HKM difference set

D is derived as 2#°—2n+1.

=}
From the equations (11) and (12), we can derive
the characteristic polynomials of HKM difference
set and its complementary difference set as in the
following theorem.

Theorem 5: HKM difference set with parameter
(v, k)= A=k AmFL 372L) s defined by
D={t| vi(a)+ e =0, 0sE=L) (13)

where n=23k, d=3"%—3"+1 and ¢ is a primitive
element of F,. Then the characteristic
polynomials of the HKM difference set D in (13)
and its complementary difference set D are given
as:
For n=2m+1:
gx)=(x—1 gl
D= Mok M) [T M, a0
i _MM(1+3')d(x) i_ﬁ;Ma»fsf(x)-
For »n=2m:
g =(x—Dglx)
&%) = M) M | 1 3n(£) M (1 1 3m()
My KT M)

=1 =1
JL Mok JT, M.

V. 3-Ranks and Characteristic Poly-
nomials of Lin Difference Sets

Lin has conjectured that the family of ternary
sequences () =i (a")+ N e® has the ideal
autocorrelation  property, where  xn=2m+ land
d=2-3""1 If it is true, then it gives a cyclic
difference set (Lin difference set) with GSinger
parameter. Under this assumption, we can derive
the 3-ranks and characteristic polynomials of Lin
difference set and its complementary difference set
as in the following theorems.

Theorem 6: Lin difference set with

(v.h D= = At Amh

is defined by

D={t| (e +tria™ =0, 0= F=L),

where n=2m+]1, d=2-3"+1 and o is a
primitive element of F,. Then the 3-ranks of
the Lin difference set D and its complementary
difference set D are given as 2n’—2n+1 and
2n%—2n, Tespectively.

Proof: Let x=¢' Then the characteristic sequence
of the difference set D is given as

[ 67(x) + 2 (xD12, (14)

Using the expansion of the square of trace
function in the proof of the previous theorem, we
can also expand the equation (14) as in the
followings.

[zria") + tri(a G
=[PP+ D +2 - () (=)

=P (x ) +2- gtri'(x”al)
+a(x F0) 4 ﬂltr{'(x (1+3%)
&=
-1 )
+2- Z’tr{'(xd”).

Since J+3"=92.3"+1+3"=3""141,
we have

Y =3
and since d+3" !=3""14+2.37+1, we have

a1 Ly

tri‘(xd+3 ) =trf(x2 SR
= (x> 374
=tri:(x2-(l+2-3"‘))
— t?’f(x(lﬂ)d)

Adding up the same trace terms, we have

[#(2) + 172”1

= (e 1T S e 143

=pi(x")+2- Z‘trl(x ) (15)
+trir(x1+3'")+2, g”?(x (1+3’)d)

+2- i_ghmtr{'(xsi”).

It can be shown that all exponents belong to the
different cosets of size x. Therefore, the 3-rank
of the difference set D is

nt+(m—Dn+tntm: n+nln—2)
= 2n(n~1)

and from the equation (8), the 3-rank of Lin
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difference set D is 2n%—2n+1.

o
From the equation (15), we can derive the
characteristic polynomials of Lin difference set
and its complementary difference set as in the
following theorem.

Theorem 7: Lin difference set with parameter
(0,k, )= (&=L ==l 371, is defined by

D={t| mi(a)+ mi(a™) =0, 0= A=), (16)

where #=2m+1, d=2-3"+1 and o is a
primitive element of F,. Then the characteristic
polynomials of the Lin difference set D and its
complementary difference set D are given as:
&(x)=(x~1glx)
=1
gc(x): Mz(x)M1+3"‘(x) :1:[1 M1+3‘(x)

,lle(1+3')zl(x) ,.=nide+3r(x). O
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