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A New Convergence Behavior of the Least Mean Fourth
Adaptive Algorithm for a Multiple Sinusoidal Input

Kang Seung Lee* Regular Member

ABSTRACT

In this paper we study the convergence behavior of the least mean fourth(LMF) algorithm where the error

raised to the power of four is minimized for a multiple sinusoidal input and Gaussian measurement noise. Here

we newly obtain the convergence equation for the sum of the mean of the squared weight errors, which indicates

that the transient behavior can differ depending on the relative sizes of the Gaussian noise and the convergence

constant. It should be noted that no similar results can be expected from the previous analysis by Walach and

Widrow'.

1. Introduction

In many areas of digital communication,
control, and signal processing, it is often desired
to extract useful information from a set of noisy
data by designing an optimum filter. One way of
solving this filter-optimization problem is by using
a Wiener filler”™. However, this assumes that the
signals being processed are stationary and it
requires a priori knowledge, or at least the
estimates, of their statistics which are not always
available. Moreover, solving a set of linear matrix
equations is needed to find optimum filter
coefficients.

However, the adaptive filter makes it possible
to perform satisfactorily in such environments
where complete knowledge of the signal statistics
is unavailable. In other words, the adaptive filter
gradually learns the required correlations of the
input signals and adjusts its  coefficients
recursively according to some suitably chosen
statistical criterion.

During the last two decades, the Least Mean
Square(LMS)

successfully utilized for a variety of applications
13:4,5]

adaptive  algorithm  has  been

including system identification >, noise cancella-

i6.7] 18.9]

tion"", echo cancellation™™, and channel equaliza-
tion"”,  Meanwhile, the adaptive
algorithms that are based on high order error

filtering

power conditions have been proposed and their
performances have been investigated™"' >4,
Despite the potential advantages, these algorithms
are less popular than the conventional LMS
algorithm in practice. This is partly because the
analysis of the high order error based algorithms
is much more difficult, and thus little has been
leammed about the algorithms,

In the least mean fourth (LMF) adaptive
algorithm'' the error raised to the power of four
is minimized. Here, one has to consider the
possibility of the convergence to the local
minimum. However, the mean of the error to the
power of four is a convex function of the weight
vector, so it cannot have local minima. Indeed the
Hessian matrix of the error to the fourth power
function can be shown to be positive definite, or
positive semidefinite!™),

Walach and Widrow studied the convergence of
the LMF adaptive algorithm'”, However, in their
convergence study of the mean squared weight
errors, the statistical moments of the weight errors
with the orders greater than two were neglected
and the transiemt behavior was not analyzed. In
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this paper, we present a new resul{ on the
convergence of the least mean fourth algorithm
under the system identification madel with the
multiple  sinusoidal  input and  Gaussian
measurement noise.

Following the introduction, we give a brief
description of the underlying system model in
Section 1II.

analysis and the simulation arc presented in

The results of the convergence
Sections III and IV, tespectively.  Finally we
make a conclusion in Section V.

I. System Model

We consider an adaptive noise cancellation
problem for the multiple sinusoidal input and
Gaussian measurement noise. In that case, both
the unknown system and corresponding adaptive
filtker can be describcd by the multiple in-phase
(I ) and quadrature (@ ) weights as shown in

Fig. 1761,
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Fig. 1 Adaptive digital filter for a multiple sinusoidal
input under study.

For the m-th sinusoidal input, the adaptive
canceller structure also comes to have two
weights w;,(») and wgy,(»), with I and Q

inputs, x,,(n) and x,(n), respectively. Thus
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the output of the m-th controller, v,(») is

expressed as

V() =1{ wy (0) 21 () + g m(m) 2g m(m)} (1)
where

i (W)=A, cos{w,n+ ¢,) 2 A, cos ¥, (n),
g m(W)=A,sin(w,n+ ¢,) = A, sin¥,(n),
m : branch index = I, 2, 3, .., M,
n : discrete time index,
A : amplitude,
o : normalized frequency,
¥ : random phase.
Also, referring to the notation in Fig. 1, the
error signal x;,(») and e(#) is represented by

en) = 3 [{whmtam(n) + W mrqn(m)

— Ym(®)] + 7(n)
=— MglA,,,[{wLm(n)—w}m}cos Gl’m(n) (2)
F {wg m(7) — wh, e bsin ¥ln) ] + 7 n)

where #(x) is zero-mean measurement noise.

It can be shown from (1) and (2) that
minimizing the fourth power error and using a
gradient-descent method[3] yields a pair of the
LMF weight update equations for each m as
W (1) =1wr, (1) + 2 1 € (7) 27, (2)

and

Wom(n+ 1 =wg (#) + 2 eX(n) xg.(m)  (3)

where u,, is a convergence constant.

In the following, we analyze the convergence
behavior of the mean and summed variance of
weight errors of the LMF algorithm using a new
analysis method.

. Convergence Analysis

To see how the adaptive algorithm derived in
(3) converges, we first investigate the convergence
of the expected values of the adaptive weights.
To simplify the convergence equation, we may
introduce two weight errors as
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Vi) & wy (n) — wi,, and

Vo.m(m) 2wy u(n) — Wh e 4)
Inserting (4) into (3), we have

Vim(n+ D=0, (n) +2u, 6 (n) x1 (n) and

Vom{( B+ 1) = 0gm (W) +2 10y (5) g m(#). &)

Next we investigate the convergence of the
mean-square error(MSE)  E{ ¢*(m)]. Using (2) and
(4) we can express the MSE as

E[&(m] = mglei,(n) + &

=1 S aem + o ©)

where
En(n) 2 E[1},, (m)]+ E[v} . (0],

@ 2 El7(ml.
From (6) we find that studying the convergence
of MSE is directly related to studying the sum of
én(n).

Inserting (1) and (2) into (5), and assuming
that input signal «,(x), measurement noise (),
and  weight  errors vim(n), vgm(#) are
independent of each other, we take the statistical
average of both sides to obtain two equations for
E[vh(n+D] and E [} ,(n+1)]. Since the
two equations are symmetrical, we add them and
E ¢}y (n+D]=ZE [vhn (n+D].
This eliminates the subscripts I and Q to simplify

assume  that

the second moment equation of weight error, and
rearranging the terms yields

Elv}(n+1)]
=5 L AEL () 1+ BEL () BLoA(w])
— 3 1 A (ELA ()] + (ELA(0))

+42 12, A5, L7 () [ Elob(m)] + (EL(wD?)

+ {1~ 6un A EL7 (n)] + 30u5A% B 7 (m) 1}EL vl w)]
+ 2 1%, AL FL 58 (). N

Assuming that 7(») is a Gaussian with a zero
average, w;,(n), wg,(n) are Gaussian variables,
and »,,(#) is also a Gaussian variable!”, Thus
(7) can be simplifiecd by  expressing
E [V (m)] as E [/ (w). Although
E [v, (n)] decreases very rapidly, it is not zero
from the beginning. Therefore, a Gaussian
random variable Aw, (#) with zero average, and

its variance, are adapted as follows

AWy (1) 2 vy, (0) — V,u(n),

ELoZ(m)]= VE(n)+ 0% (%) (8)

where V,,(n) 2E[v, (n)],
05 (1) 2E[ 82w,(n)].

From (8) we find that during the transient
state, i.e. from the beginning to the moment just
before the steady state, o%(x) is much smaller
than V%(#) and E [v,, ()] can be regarded as
Vi(n), On the other hand, p2(x) becomes
dominant over Vi(n) in the steady state and
E [vn (»)] can be regarded as o%(n). Now, we
apply (8) to (7) and use the relationship between
E[v¥ (w)] and E[vi.(n)] of the Gaussian
random variable[16] to arrive at the following
equation

Vi(n+ 1D+ pE(n+1)
=518, A% {VE () + 962 (m) Vi(m) + 18 ol (m) Vim) + 6 0%(m)}
— Bt Al — 452 AL BV ) + 4 o5 (m) VE(m) + 2 0%(m)}

(1= 6, A% 0 + H0p A% Vi) + p3(n) }
+ 30 4%, A, o), ©)

The convergence equation (9) may be examined
for two different cases. First, p¥(%) and the

last term of (9) can be removed for the transient
state. Thus the transient convergence equation is
given by

VE(n+1) = 52 AL, Vi(n) = (BunAly— 4515,A50) Vi(n)
+(1—6u AL +9012,A%dL) VE(n). (10)
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Fig. 2 Learning curves for the LMF algorithm of the
surnmed variance of weight errors at the transient
state. (1) Vi(n) term. (2) Vi(n) term. (3) Vi(n)
term. (4) total.

Fig. 2. shows the summed variance convergence
curve of weight errors for the LMF algorithm at
the transient state that resulted from a theoretical
computation when g, = 02, A, =2, and &
= 0.001. Taking each of the terms on the
right-hand side of (10) separately and examining
them carefully, we notice that the first V5(»)
and the last V%(n) terms start off as positive
values and are reduced to zero. However, the
second Vi(x) term starts off as a negative value
and increases to zero. It should be noted from
the right-hand side of (10) that in extreme cases,
only one of the two terms Vi(n) or Vi(n) is
dominant. Therefore, we may consider a particular
value V2, ,, of V2(n) for which those two terms

are the same. This value is given by

— e 2 Al
V?,.,,h=\/1 symAmaf,+90u,,,A,,.a’;_ an

5t AL,
In (11) the first term V%(#x) acts as the dominant
term when V.(x) is greater than V% ,. If 12

is smaller than V2, ,, then the last V5(x) term
becomes dominant.

Fig. 3 illustrates which of the two terms, the
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first term  VE(n) and the last term Vi(x), is
dominant when V% ,(#) = 0.8. This illustration is
in terms of the convergence comstant 4, and the
variance of measurement noisc ¢2. Point (a) is a
region in which the term V%(») dominates over
the other and point (b) is when the V2(») term is

the dominant one. Therefore, the transient
convergence equation (10) can be written as

5u%, AL VA (n)
Vin+1)=! (1—6un,Ald
+9042,AL D VE(m) |, Va(n) K VE 4 (12D)

APV L (122

From (12) we may derive the conditions for
stability and the time constant, Expressing the
general form in series, (12a) can be rewritten as

VE(m) = (545,A% C 7 (V)

=mwﬁyml4;’., VA, (13)

Thus (13) is stable under the following condition

[ VB, AL VAW | ¢ 1,

1
0 tn FAL VD (4
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Fig. 3 Dominant term decision diagram for the LMF
algorithm of the summed varance of weight
errors at the transicnt-state.

[ point (a): 4,,=0.3 and o2=0.1.
point () : 4, =0.2  and ¢5=0.5. |

Note from the conditions for stability in (14) that
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the initial value of weight error acts as a limiting
factor, along with the amplitude of input signal.
From (12a) the time constant may not define
because it is not a geometric series.

Also, (12b) is stabilized when it satisfies the
condition

[ 1—6umAL ot +0pk A%< 1,

0 < pp (13)

(—l'r'—.,
15 A3, o

From (12b) the time constant in the second
moment of weight error z,,, is given™ by

1

= - . 1

s T S AL (1= 15p, AL D) (16)
In the steady state V2(x) becomes sufficiently

small and the terms that include pi(») and
o8(n) can be ignored in the convergence

equation (9). The equation is then simplified as

hnt1) = (1—=6u,ALd + Npk AL d,) oh(n)
+30 12, AL &, an

Additionally, the summed variance of weight
errors in the steady state £,(o) is 2p, (o) and

it can be written as

o) = o) = 10#"'04
£ = 2n(e) = TR ()

When the convergence constant gy,  satisfies

the stability condition (15), the second term on
the denominator of the right-hand side of (18) is
sufficiently smaller than the first term and it can
be ignored to yield the following equation

£,,(0) =10p,, o} (19)

Comparing the performance of adaptive algori-
thms usually involves two methods™?.  The first
method is to compare the state of convergence
after setting equal values for the steady state, and
the other one involves comparing the steady state
values for same rate of convergence.

Summed variance of weight crrors of the LMS
algorithm is a geometric series and the time
constant can be defined. However, the LMF
algorithm (9) is not a geometric series. So, the
time constant may not be defined. Then we set
the steady state values of the two algorithms
equal and compare the convergence rates. From
(19) and (34) in [1] we obtain

EmiLur (e0) = ‘-Em(LMS)(OD)7
10 o Latr 03, = Hm(LMS) 03; »

_ HMw(iMs

7

where ptoum  and  paous are the convergence

constants of the LMF and LMS algorithms,
respectively.

IV. Computer Simuiations

In this section we present the results obtained
from computer simulation along with the
theoretical analysis of the LMF algorithm in the
previous section.

We set the frequencies of the first and second
sinusoidal signals at 120 Hz and 240 Hz,
respectively, and selected 2 KHz for the sampling
frequency. The input signal x(n) and desired
signal d(n) are given by

(W) = 3 Ay cos(@nn+ 6,)

=v2 (cos(%gof)—n + ¢)+ cos(—[’%oya—n + ¢2) 1,

AW = 3 Wity + whymton)

m=

=0.6x1,1(71) — O.IxQ,l(n) + 0.32.‘1,2(”) - 0.3]6@,2(71)-
20

The simulation was carried out by setting 0.001
and 1 as the variances of measurement noise o} ,
and the initial value of weights were zero. The
simulation Tesults were obtained by ensemble
averaging 1000 independent runs.

Fig. 4 show the summed variance convergence
curves of weight error for the LMF algorithm that
resulted from the simulation in case of dividing
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them  between V%(#)  and pX(n)  when
Lo = 0.0002and &% = 1, respectively. We see
that V¥(#) is the dominant term during the
transient state whereas ©%(x) becomes dominant
during the steady state as we analyzed in the
section [I.B.

—: & (n)
_m( 00000: V%( n) ]
Frn +H+tt o p%(ﬂ) o
s,
g (et B0 Ny S e +L
2 a0 T, ey NV i\ B
a oo ¥ ® o %
i e ®Oo g © ¢ ®
@ a0l %0 a0 © o
g ] e 9
K

<50

-60 |

L . L L n A L
1009 2000 a00g 4000 5000 6000 7000 8000
Numbaer of Adaptations

.70

Fig. 4 Learning curves for thc LMF algorithm of the
summed variance of weight errors when the
convergence behaviors are  divided between

Vi(m) and o*(n).
[ gtyoimms = 0,0002, ¢5=1.1

We have compared the convergence behavior of
the LMF algorithm and that of the LMS3
algorithm through simulation. The convergence
speed of the two algorithms were compared after
setting the steady-state values equal. The
convergence constants of the LMF and LMS
algorithms were carefully chosen so that they
satisfied the conditions given in (20) for a given
variance of the measurement signal. To be
specific, we selected 0.2 and 0.0002 for g to
make the steady-state values of the two
algorithms equal when o was given as 0.001
and 1 and gy was 0.002,

In Fig. 5 the convergence behavior curves of
summed variance of weight emor obtained from
simulation are compared with each other. It has
been newly found that for some regions of 4
and ¢% The initial convergence of the LMF
algorithm is much faster than the conventional
LMS algorithm. This result in sufficiently small

V2 wvalues compared to unity as the curve (a) of
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Fig. 5. Later on, the LMF convergence looks
similar to the LMS convergence. This fact has
not been reported yet, mainly because the higher
order moments have not been included in the
previous analyses of the LMF transient behavior',
On the other hand, when V% is large as in the
curve (b) of Fig. 5, the LMF algorithin converges

geometrically at a slightly slower rate than in the
ILMS case.

h, LMF
Eavg
10 . s 0 o M8 1
S
QR e . -
g . PRy \‘;-/’. ..wq__,\;/’ S "‘_"“.\_“/.'\\/ fr\;‘
] -30r \\‘ (b)
3 ",
& N
-40 b
2 e
4 .,
-
-50 L " .
e
60 @ ey
-70

1000 2000 30‘00 4000 5000 6000 7000 8000
Nurber of Adaptations

Fig. 8 Comparison of the LMF and LMS algorithm
learning curves of the summed variance of weight
CITOIS.

(@) eomy= 0002, goum= 02, o= 0.001
and V2, =0.558.
®) pms= 0002,  pgum= 0.0002, o’f]= 1
and V%, = 538,

V. Conclusions

We present a new result on the convergence of
the least mean fourth(LMF) algorithm under the
system identification model with the multiple
sinusoidal input and Gaussian measurement noise.
The analytical result on the mean square
convergence depends on the power of Gaussian
noise and the size of convergence factor.
Accordingly, the transient behavior can be
characterized by one of the two cases: (1)
initially the LMF algorithm converges much faster
than the LMS, but soon after that it converges
almost linearly on a logarithmic scale like the
LMS algorithm, or (2) the LMF algorithm
converges linearly and at a slower rate than the
LMS. To sum up, different convergence behaviors
were observed depending on the variance of
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Gaussian measurement noise and the magnitude of

the convergence constant.
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