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of Multiuser MIMO Systems 

Oh-Soon Shin*  Regular Member

ABSTRACT

Spatial multiuser access is investigated for the reverse link of multiuser multiple-input multiple-output (MIMO) systems. In 

particular, we consider two alternative approaches to spatial multiuser access that adopt the same detection algorithm at the 

base station: one is a closed-loop approach based on singular value decomposition (SVD) of the channel matrix, whereas the 

other is an open-loop approach based on space-time block coding (STBC). We develop multiuser detection algorithms for 

these two spatial multiuser access schemes based on the minimum mean square error (MMSE) criterion. Then, we compare 

the bit error rate (BER) performance of the two schemes and a single-user MIMO scheme. Interestingly, it is found that the 

STBC approach can provide much better BER performance than the SVD approach as well as than a single-user MIMO 

scheme.
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Ⅰ. Introduction

Multiple-input multiple-output (MIMO) systems 

have received considerable attention as a means for 

achieving high data rate over wireless links
[1]. Various 

space-time processing architectures such as Bell 

Laboratories Layered Space-Time (BLAST) and 

space-time coding have been proposed to approach the 

theoretical capacity limit of MIMO systems
[1]-[3]. Most 

of these architectures have been designed to increase 

the data rate or improve the performance of a single 

user communication link, using spatial multiplexing 

and diversity techniques. However, most of wireless 

systems should accommodate multiple users, and the 

presence of multiple users causes co-channel 

interference (CCI). Traditional approach to handling 

CCI from multiple users is to adopt an orthogonal 

signaling scheme, such as time division multiple 

access (TDMA) and code division multiple access 

(CDMA). In MIMO systems, multiple transmit and 

receive antennas allow the space dimension to be used 

for suppressing CCI as well as for achieving diversity 

gain. This motivates developments of effective spatial 

multiuser access schemes that can exploit the space 

dimension for accommodating multiple users in 

MIMO systems.

Two alternative approaches have been proposed for 

effective spatial multiuser access for multiple access 

channels or the reverse link of multiuser MIMO sys-

tems
[4]-[6]. In [4], a spatial multiuser access scheme 

has been proposed based on singular value decom-

position (SVD) of channel matrices. This scheme sep-

arates the signals of multiple transmitting users in the 

space domain through the use of transmit and receive 

spatial processing based on SVD and multiuser 

detection. A similar approach has been presented in 

[5], where transmit and receive spatial filters are joint-

ly optimized to maximize the signal-to- interfer-

ence-plus-noise ratio (SINR) of all users. These 

schemes of [4] and [5] require closed-loop operation, 

since they need the channel state information at both 

the transmitters and receiver. Another approach in [6] 
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Fig. 1. Reverse link of a multiuser MIMO system

is an open-loop scheme based on space-time block 

coding (STBC), which eliminates the need for channel 

state information at the transmitters. Transmit anten-

nas at each user terminal are independently utilized 

for space-time block coding (STBC) of transmit sig-

nals to achieve transmit diversity. The receive anten-

nas are exploited to suppress CCI from multiuser sig-

nals using a multiuser detection technique.

For fair assessment of the SVD and STBC ap-

proaches, we develop a multiuser detector for each 

of the two approaches, based on a common criterion, 

minimum mean square error (MMSE). The SVD and 

STBC transmit processing schemes with a correspond-

ing MMSE multiuser detector will be referred to as 

SVD-MMSE and STBC-MMSE schemes, 

respectively. To develop the STBC-MMSE scheme, 

in particular, we consider full rate STBCs for two and 

four transmit antennas presented in [7] and [8]. The 

bit error rate (BER) performance of the multiuser ac-

cess schemes is compared with that of a single-user 

spatial multiplexing scheme called MMSE-BLAST 
[2]. 

Simulation results show that the STBC-MMSE 

scheme provides significant BER reduction over the 

MMSE-BLAST scheme, and achieves the greatest di-

versity gain among the three schemes. Moreover, the 

STBC-MMSE scheme is also found to outperform 

even the SVD-MMSE scheme for a wide range of 

signal-to-noise ratio (SNR), especially for the large 

number of simultaneous users.

The remainder of this paper is organized as follows. 

Section II describes the reverse link of a multiuser 

MIMO system and channel models. In Section III, we 

derive the SVD-MMSE and STBC-MMSE spatial 

multiuser access schemes. In Section IV, simulation 

results are presented to compare the performance of 

the SVD-MMSE and STBC-MMSE with that of 

MMSE-BLAST. Finally, conclusions are drawn in 

Section V.

Ⅱ. System and Channel Models

The reverse link of a multiuser MIMO system is 

considered in this paper. As illustrated in Fig. 1, each 

mobile station or user terminal is equipped with   

transmit antennas, and the base station is equipped 

with   receive antennas. It is assumed that  users 

transmit signals simultaneously through individual   

transmit antennas, and that the transmit signals experi-

ence uncorrelated frequency- nonselective fading. Let 

  be an  × transmit signal vector for the th 

user at the th symbol duration, with each element 

being normalized to have unit average power. The 

corresponding received signal vector at the base sta-

tion can be expressed as

  
 



  ,              (1)

where   is an  ×  channel matrix from the th 

user to the base station for the th symbol duration, 

and it is assumed that all elements of   are in-

dependent and identically distributed (i.i.d.) complex 

Gaussian random variables with zero mean and unit 

variance. Elements of  × noise vector   at the 

th symbol duration are assumed to be i.i.d. complex 

Gaussian random variables with zero mean and var-

iance of  .

Ⅲ. Spatial Multiuser Access

In this section, we derive the SVD-MMSE and 

STBC-MMSE spatial multiuser access schemes. For 

the SVD-MMSE scheme, we describe the SVD oper-

ation needed for constructing transmit signal vector 

and an MMSE multiuser detection algorithm in [4]. 

For the STBC-MMSE scheme, we describe the STBC 
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used for each user terminal, and develop an MMSE 

multiuser detection algorithm for the base station. We 

present derivations for two and four transmit antenna 

cases for rate one STBCs in [7] and [8]. However, 

the derivation procedure may be easily applied to oth-

er number of transmit antennas or to other forms of 

STBC. We assume that the channel is constant during 

each symbol for the SVD-MMSE and during each 

space-time code block for the STBC-MMSE. With 

this assumption, we will omit the symbol index  in 

the subsequent derivations, whenever it does not make 

any confusion.

3.1 SVD-MMSE
The channel matrix   can be decomposed using 

SVD as  

 
  

  


 ,           (2)

where   is a singular value of  ,   and   are 

corresponding unitary vectors, and ∙  denotes the 

conjugate transpose operation. The SVD-MMSE 

scheme uses   and   associated to the maximum 

singular value as transmit filter and receive matched 

filter, respectively
[4]. Let   be the maximum singular 

value for the th user, and let   and   be the corre-

sponding unitary vectors. The transmit signal vector 

is formed as   , where   denotes the transmit 

symbol of the th user. By matched filtering for the 

th user, the received signal in (1) is processed as

  
 

 
 




 




  ,   (3)  

where    
 . From (3), the signals for all  users 

can be written in a vector form as

,                 (4)

where      ⋯  
 ,      ⋯  

 , 

    ⋯  
 ,   ⋯, and ∙  

denotes the transpose operation. The matrix  in (4) 

is a × matrix whose  element is defined as 

  
 . From (4), the MMSE multiuser detection 

rule can be derived as

  
 
.           (5) 

3.2 STBC-MMSE
In an STBC-MMSE scheme, STBC is performed 

on a data stream to construct transmit signals for each 

user. Let   be the code rate of STBC, then   

symbol durations form a space-time code block.

1) Case of Two Transmit Antennas ( ): For 

two transmit antennas, a rate one orthogonal STBC 

has been presented in [7]. This STBC is known to 

provide full diversity gain without rate reduction. In 

the STBC, two transmit symbols are encoded across 

space and time, and a code block  can be expressed 

in a matrix form as

            



 


 


 
 ,             (6)

where   and   denote two transmit symbols. Note 

that columns of  are associated with time domain, 

and rows of  with space domain or transmit 

antennas. That is,     
   is transmitted over 

the first symbol duration of a code block, and  

  
 

   over the second one. Transmit signal 

vectors of each user are constructed according to this 

rule. Hence, the transmit signal vectors   and   

in (1) for the th user can be expressed as

    
 ,   

 
   ,      (7)

where   and   denote transmit symbols for the 

th user. Note that this transmission scheme is equiv-

alent to double space-time transmit diversity 

(D-STTD) developed for four transmit antennas of a 

single user
[8].

MMSE detection is performed on the received sig-

nal vectors without any pre-processing, differently 

from the SVD-MMSE. For the MMSE detection,   

and   in (1) are concatenated to construct a compo-

site  × received signal vector  as

≡  
  

 



,            (8)

where

≡
, ≡  

 , ≡  
 .   (9)
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In (8) and (9), notation   ⋯   


 

 ⋯ 
   denotes the concatenation of  col-

umn vectors, and ⋯ is a block diago-

nal matrix with  matrices forming diagonal blocks. 

The operation ∙  in (8) and (9) for a matrix or vec-

tor represents complex conjugates of all elements. The 

reason for taking complex conjugates of   in con-

structing  in (8) is to make all the components of 

  become linear combinations of   and  , which 

should be estimated using linear operations. From (8), 

the transmit symbol vectors     
  

(   ⋯ ) can be estimated using linear 

operations. A weight vector   for estimating   in 

the MMSE sense is given as the solution of a mini-

mization problem:

     ∥∥  ,     (10)

which can be solved as

 


 





 







 



 (11)

where ∙  denotes the statistical expectation. 

Correlation matrices 
, 

, and   

in (11) can be computed using (7) and (9) as

     
 



 
 

 
 



       (12)

             
 































  

which are independent of the user index . 

Consequently, the MMSE estimate of the transmit 

symbol vector   is found as

 .                 (13)

2) Case of Four Transmit Antennas ( ): For 

four transmit antennas, an orthogonal rate one STBC 

does not exist for complex signal constellations. To 

preserve the rate one property, we employ a quasi-or-

thogonal rate one STBC presented in [9]. With the 

same notations as in (6), a code block for this STBC 

can be represented as

     












































,  (14)

where   is the transmit symbol vector transmitted 

over the th symbol duration of the code block. 

Hence, the transmit signal vectors  ,  ,  , and 

  in (1) for the th user can be expressed as

       


  
 

 
 

 
  

 
 

 
 

       


        (15)

For the MMSE detection,  ,  ,   and   in (1) 

are concatenated to construct a composite  × re-

ceived signal vector  as

≡  
 

   
 



,     (16)

where

    ≡



≡  

  
   

 ≡  
 

  

           (17)

The MMSE weight vector   for estimating   can 

be expressed as the same form as (11). Correlation 

matrices 
, 

, and  in this case 

can be computed using (15) and (17) as
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where
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Fig. 2. BER performance for a (2, 2) MIMO system
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Fig. 3. BER performance for a (2, 4) MIMO system

Ⅳ. Numerical Results

In this section, the performance of the SD-MMSE 

and STBC-MMSE is compared with each other and 

with that of the MMSE-BLAST. The transmit symbols 

of all users are assumed to be modulated using quater-

nary phase shift keying (QPSK), and Monte Carlo 

simulations are conducted to estimate bit error rate 

(BER) performance of each scheme. The 

MMSE-BLAST is simulated using equations in [2] 

with MMSE nulling. It is assumed that the channel 

response is perfectly known to the transmitters and 

receiver for the SVD-MMSE scheme, but only to the 

receiver for the STBC-MMSE and MMSE-BLAST 

schemes. We use (  ) to denote a MIMO system 

with   transmit antennas at each user terminal and 

  receive antennas at the base station. The SNR in 

each plot is defined as 
  , which is the ratio of 

the total received signal power to the noise power.

Fig. 2 shows the BER performance for a (2, 2) 

MIMO system. For the single user system (), 

the SVD-MMSE scheme is shown to outperform the 

STBC-MMSE scheme due to beamforming gain from 

the closed-loop operation. Note that the overall data 

rate of MMSE-BLAST scheme is the same as those 

of STBC-MMSE and SVD-MMSE schemes with 

. For the given range of SNR, both 

STBC-MMSE and SVD-MMSE schemes outperform 

the MMSE-BLAST. When , the BER curve of 

STBC-MMSE scheme is steeper than that of 

SVD-MMSE scheme, and two curves are crossing 

around SNR = 10 dB. This indicates that the 

STBC-MMSE scheme achieves greater diversity order 

than the SVD-MMSE scheme at the same trans-

mission rate, since the slope of BER curve stands for 

the diversity order. This also implies that it is more 

effective to maximize diversity at each transmitter 

rather than to perform beamforming in the spatial mul-

tiuser access scenarios. The SNR gains of 

STBC-MMSE for  are about 6 dB over 

MMSE-BLAST and 4 dB over SVD-MMSE at BER 

of   . Fig. 3 shows the BER performance for a (2, 

4) MIMO system. Comparing Fig. 2 and Fig. 3 for 

the case of , a (2, 4) system is shown to provide 

much lower BER than a (2, 2) system, due to two 

more degrees of freedom in the receive antenna 

dimension. For , the STBC-MMSE scheme out-

performs the SVD-MMSE scheme for the SNR great-

er than 10 dB. The BER plots for  verify that 

the STBC-MMSE and SVD-MMSE can accom-

modate simultaneous transmissions of users up to the 

number of receive antennas. When , the 

STBC-MMSE scheme is shown to outperform the 

SVD-MMSE scheme as much as 5 dB at BER of 

  .

The BER performance for a (4, 4) MIMO system 

is shown in Fig. 4. Similar performance trends are 

observed as in Fig. 2. The crossing points of the BER 

curves for the STBC-MMSE and SVD-MMSE 

schemes are also near SNR = 10 dB. The 

MMSE-BLAST scheme in this case has the same 

overall data rate with the STBC-MMSE and 

SVD-MMSE schemes with . When , the 

STBC-MMSE scheme achieves about 4 dB of SNR 
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Fig. 4. BER performance for a (4, 4) MIMO system
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Fig. 5. BER performance for a (4, 6) MIMO system
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ML detection

gain compared with the SVD-MMSE and 

MMSE-BLAST schemes. Fig. 5 shows the BER per-

formance for a (4, 6) MIMO system. In this case, the 

crossing points of the BER curves for the 

STBC-MMSE and SVD-MMSE schemes are near 

SNR = 9 dB. The STBC-MMSE scheme for  

is shown to provide a diversity order comparable to 

the SVD-MMSE scheme for . The performance 

improvement of the STBC-MMSE scheme over the 

SVD-MMSE scheme is shown to increase with the 

number of users. When , the STBC-MMSE 

scheme outperforms the SVD-MMSE scheme as 

much as 3.5 dB at BER of   . 

Fig. 6 shows the BER performance for a (2, 2) 

MIMO system, when the three transmission schemes 

use the maximum-likelihood (ML) detection instead 

of the MMSE. The number of users  is set to 2 

for the two multiuser access schemes. We can observe 

similar performance trends as in the case of the 

MMSE detection in Fig. 2.

Ⅴ. Conclusions

In this paper, spatial multiuser access schemes have 

been investigated for the reverse link of multiuser 

MIMO systems. In particular, we have considered a 

closed-loop scheme, referred to as SVD-MMSE, and 

an open-loop scheme, referred to as STBC-MMSE. 

For the STBC-MMSE scheme, we have derived 

MMSE multiuser detectors for full rate STBCs with 

two and four transmit antennas. The performance of 

the SVD-MMSE and STBC-MMSE has been com-

pared with each other and with that of the single-user 

MMSE-BLAST. Simulation results have shown that 

the STBC-MMSE can significantly outperform the 

SVD-MMSE as well as the MMSE-BLAST, espe-

cially for the large number of simultaneous users. The 

STBC-MMSE scheme has also been found to achieve 

the greatest diversity order among the three schemes 

at the same transmission rate. For instance, the SNR 

gain of the STBC-MMSE over the SVD-MMSE at 

the BER of    is shown to be about 5 dB for a 

(2, 4) MIMO system with four users, and 3.5 dB for 

a (4, 6) MIMO system with six users.
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