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ABSTRACT

In this paper, we show that any two Hadamard matrices of the same size are equivalent if they have the
property that the rows of each Hadamard matrix are closed under binary vector addition. One of direct
consequences of this result is that the equivalence between cyclic Hadamard matrices constructed by maximal
length sequences and Walsh-Hadamard matrix of the same size generated by Kronecker product can be
established.

I.M 2 A -S4 sjoube si-o] 19604T] B

JPL(Jet Propulsion Laboratory)$] M. Hall, Jr., L
Q57b 13 +12 o] FIx nxn AW #E A Baumert, 12|31 S. Golomb Sl 23] Mariner,
o] t}e- AA Voyager -5 ©AFi12] o]w|x] Aol -85 o]z
2 904 Gallileo HAMIANAE AREE oS- 2

.0/ =nl, 6)) a=A g,
Sepvke B9 7o) 2 nS 1, 2, & 4
n% n*} slc}rl= (Hadamard) 39 o] ujjgo]m, Hng] gloje] 3 T Ao -1 3}
ofe} dheh 714 [, nAb weject sjrint At Qoo B ool BE e Hubelw ()&

= PP oF A FuE v SilS As zge A oF & 9l = hls sy g}
A el 9 B AR R BN o) ele) mel 9 4 05 D4 byE W

¥ Bood s sEeaeAlet £47]%4937HR01-2008-000-11104-0) A2 a=]sisch
* o3 A D}lﬁ_,”? A7 1Ax g8k B-3HekE o174 ({sy.jin, kh.park, hysong} @yonsei.ac.kr) ** A% 2Kjeongheon.kim @samsung.com)
P F L KICS2009-05-186, -z} 120091 59 59, FHE=doadz) 20099 79 14

Tl

635

www.dbpia.co.kr



B A18}h3) =] °09-07 Vol. 34 No. 7

Hed S & 9o Ao} H & 54
(equivalent)?l 3lcint= sjEolz}y A2l

ik a) ole] F (TS B Az bk
At by lole] WEL el -1 Fakeh

sicfete o) A 2 B a9a o $§-
olel] FAgh ekt AT A F sjrivie e
Ex)3e] #E AT el FES uky g
= =33 AF FAoch Hi t}Z (inequivlanet)
n2b spevte dE8e] sieE el AT g
AL TAZ A 3)\"/}[6] U A 2 =2
7] n < 289 thsxet A& t}2 (inequivalent) 3}
b= -] Agrt bdE] deiA QS ek
53] 1960 Al 163} k= sje] 2kxs]
FEl o] 1990 ] Znbel| o]=e|Afok 282} 3}t
vl o] Fixkie] mhrE|E oA, o]d sk
AT FAAANE AL Qe
© slrri= o] FA|THA |
A9 Zmgit} = FHE (row vector) Z}J
Z] WEZ} (vector addition) AAkel] Il w
53] L AAR HE] TS o] 2" A} st
= gU5e BT EA0E walh ol %Y A

el FolukA] oo sltirts o] FAIAE
gl F83A A8 5 olrh
e A vkt Ak Al T-elA=
=] AAE FHEk) A ]]]Z%ﬂ/q% Al
e AAE o83 e oA $-80wA,
%]-slefrtk=(Walsh-Hadamard) 3 ":—-ﬂ_-*]- FeHe]
9 (m-sequences)= ©|&3}o] A 3F](cyclic)
vt e FHIA gy 2 7]E e
WAL 4Ng) eiRRe R A VAo e B
o] AFE gkt

-—

o)

gl

ey

F 1. B]%5A (inequivalent) dlthute. d)zle] sj4fs pon 1491

4| 8|12|16]20|24]|28| 32 36
1 1] 1] 5] 3]60|487>3.6x10°|>15%10°

I. 20k WEE A sl Ssioks s
EIS2 0IFOX SiCilS el SHT

AFHEe shvt= S AL o), At
A -18 12, +1S 002 WAg P8 =8y
2 3l V, & nA ozl wWEFztelg) sk &

o

v, Z{(al, ,a):a.EGF()i=1 n} &SI
b slrvie E Ho| By e ER o]Foizl
A5 SCH) 7} Hetslel e welslen, S(2) 7
Ale] welgkelel?. S(/H) & v, o] mA]
ZHKsubspace)olzl 3P4, S(H)= Zol7l nel 3
El(zero vector)S EZEF 2772 W E 4T 7+

=k

2 1 e Aol WEdlel] e 2ol
EE 2MAF sprrie R M2 FA|olr)

9 Hot H & Folal 22& w53k <)o)
i shepelks. sjdolet ik el n=2"ol2} sh,
S(H)ek S(H') &3] V, 2] mAHd Hg7keleh

A, S(H) 9 7 Abasis) S {by, by, ..., by} ol2H
sk, ol ()9} #2o] WA Fel= wAL

fr

bl bll le 1n
b’m br.n,l brr'l,Z .es br;m

o] uf, B¢ BE (column)= A Z tl=r}. 9
W Bell 5dg do] vk Helx Fdg o
o] slefe} 3, o] djrirt= e Aot Ert
3] weelct. wiebA slE B A 2m0¢]
Zo] mal o]z d™E](column vector) = At

v R S(H) O] 7S @) 22 HEE
A3l ol5 B'elel s ™ BT oA A 2
7Ne] Ze] m<l olxl dwlels FAI=c.

aug ol gulE]e] A5 Ahx|sle] B’
I AXAA 4= Qlek & B dwlg HE A3
3= nxn ?]34 ?5“‘“:3_ (permutation matrix) o7}

B'= Bo

ol S(H)F S(Ho)7b FU 71He o
A (span) 3PS Sslnz S(H) 3 S(Ho
t Agesd Bl 5 A% Hob B4
SeEl SR olfelAd. Wl msl B A
seire so]r)

=4

~

=

H o

o 1 ol ¥AH F
He} H & 38)sirt

el 87} shenhe e

www.dbpia.co.kr



= e Aol WE S ol FE shriris -] FA[A

00000000 00000000
01010101 01110100
00110011 01101001
H= 01100110 H = 01010011
00001111p 00100111
01011010 01001110
00111100 00011101
01101001 00111010

He) e AR S(m)sh mS) AE AR
S(H') 25 gl #a 2 glom 2 A
o] 72} 37190 wE) gk A7l 1A Bl
B'% olels} o] Asfalal

ol Wj B'=Bosl 3 34 o
13 S(H')=S(Ho)o|BE H:
a2t A== Rl =

2 32

I. & Zue| S8 0 : 4f-siCiols at

A CHZol <~E0 2gt =2| siCil= W

Agl-slcvt= PHH 3] soiele d-He vt
2 de] G8Ee 7 RG] svis dea,
FAATEEA Y Au ool WA o] 9le
v il $lg LH-skehks Wsk (Wash-
Hadamard transform) 5ol -S-g=lcj]

WA, Y4-sicivie e (3)F o] AL
Z2UYH F (Kronecker product)ell &3l zjA= L
2 AR 2mA AusiEelrt

[0 0
Kl‘[o 1]
3
K, K, @
Km+1: K f,mzl

S e olgstel sl-sieohe e
ol wE el Bl Deslee A u

ojilelli= FuiHo] =t E AH &3] 3}
vte Y-S wefdhel. Al 1de] qdit byell s o
ole] sjrint= siee] A WA ¥} A HA e
RE A4S +12 A4S} (normalize) & 5 9Jrh
Askel nAb shebele @ ge] A WA et
A WA DS AF (DA AL g} &

lo o

%} (circulant) 3ol HE 3] (cyclic) 3hclwt

= elole} Ark 1 ool ofsl, w3 il
PR A A 54 ke ot =

st

r‘& —[N

= A7 Al digt 714 A4t (periodic
auto-correlation) Zto] -1¢1 o]Al FAZYE APAF
ol #HA A BAS 2 ol F R 9
o= Aol d2 o= 7B oAt A
(PN: Pseudo-Noise) 542 AU, E1H3] “cycle-
and-add” AJAPHIOMIS. Zixe) gejmg o]
FIE o]g3le] A 3] Frivi= Y- ¢
wE] A AA| wE|gtel 3] 29l

wEba] Al 1o o, 2maF G4]-sieirts ™
I F7] 2" —1<l o] AETE A 2"
2 53] sjrjrte e AR FX]l sriris )
Holk o 19 He= 2°3 Y4]-sloile o) w
H 2 F717F 790 #WZe] 44 1110100 258
ARE 53] sjrvi= et

=02 Hujdo] gL o|&st +£3 drivi=
6“23‘14_ "é]_r] -.5].\ﬂrt1]—1: Sﬂaﬂoﬂ {llliﬂ-sﬂo U’H _,_ 75}-];}-
e o] FXIA= A7 E daia 54
& olgsl] Byl FE QPN a4 shrieie
g K & 2" xm WF Xl B K, =XXx9}
22 YR Adeid = o] o g Xe BE
2m)e] A& E o)A m-tupleS L PO 7 zZHE=
ol Hjde] fadel o3t 3] shrpl=
A (xeh 22 =719 AE vl e vy
B2 glpisl] =w, o] uf Qs Yrb o A
Frank) #= 7ok 2 Lempel®] ©]%1 i3] )
o) QI il Fxo A3 Anfeie o -
Sick

Wb Bo=Fe] Al 1S 2 diike 54 AA
&k slrjule E g e Wt =
I ErubRe], <lele] sriri=
] Flgte] WE] FF7EE olF W 1
P ez FAsPE Zd AlS(full rank)
7Eokt gl FellA] vl o] AR
ol o8] AHE 3] sjrivi= 3
v dq-sicele 5o 3ed AAs F
/i g I sk g 38] oF wetelAd
He2 didles A5 Algsich

o2, FSL 05:_4
it L
e o N 2

N
2

ﬂ:
e
m\i
g

i o ol rlo
rSL' o

ol
r°"

v. 2 B
W mrell s e Algte] WEdE ikl 3

637

www.dbpia.co.kr



g2 A18}1E] 3= 54] "09-07 Vol. 34 No. 7

3 2 BE 273 Sloirte e AR FX
A& Bk o] Ad= A whle] Aelst shcint
= e A 41 2 wE el W
(fast Hadamard transform) &l 582 4 9lch

I

f 0

Ho
ret

(1) S. S. Agaian, Hadamard Matrices and Their
Applications, Lecture Notes in Mathematics
1168, Springer-Verlag, 1985.

(2] S. W. Golomb and G. Gong, Signal Design for
Good Correlation, Cambridge University Press,
2005.

(3] F. J. MacWilliams and N. J. A. Sloane, The
Theory of Error-Correcting Codes, North-Holland,
1977, Tenth impression, 1998.

(4] H.-Y. Song and S. W. Golomb, “Some new
constructions for simplex codes,” IEEE Tran-
sactions on Information Theory, 40:(2), pp.504-
507, March, 1994.

(5] I Seberry and M. Yamada, “Hadamard matrices,
sequences, and block designs,” in Contemporary
Design Theory, edited by J. H. Dinitz and D.
R. Stinson, John Wiley & Sons, pp.431-560,
1992.

(6] N. J. A. Sloane and S. Plouffee, The Encyc-
lopedia of Integer Sequences, Academic Press,
1995. See also: N. J. A. Sloane, The On-Line
Encyclopedia of Integer Sequences, http:/[www.
research.att.com/~njas/sequences/A007299.

(7) N. J. A. Sloane, “My favorite integer sequences,”
in Sequences and Their Applications, edited by
C. Ding, T. Helleseth and H. Niederreiter,
Springer, 1999, pp.103-130. See also the extended
version: http://www.research.att.com/~njas/doc/sg.
pdf

(8) R. Craigen and H. Kharaghani, “Hadamard
matrices and Hadamard designs,” in Handbook
of Combinatorial Designs, 2nd Ed., edited by
C. J. Colbourn and J. H. Dinitz, Chapman &
Hall/CRC, 2007, pp.273-280.

(9) S. Lang, Linear Algebra, Third Edition, Springer,
1987.

(10] S. W. Golomb, Shifi Register Sequences, Revised

638

Edition, Aegean Park Press, 1982, originally
published by Hoden-Day in 1967.

(11) H.-Y. Song, “Feedback shift register sequences,”
in Wiley Encyclopedia of Telecommunications,
edited by J. G. Proakis, John Wiley & Sons,
pp.789-802, 2003.

(12] R. K. Yarlagadda and J. E. Hershey, Hadamard
Matrix Analysis and Synthesis, Kluwer Academic
Publishers, 1997.

(13] K. W. Henderson, “Comment on ‘Computations
of the fast Walsh-Fourier transform,”” IEEE
Transactions on Computers, 19:(9), pp.850-851,
September, 1970.

(14) A. Lempel, “Matrix factorization over GF(2)
and trace-orthogonal bases of GF(2n),” SIAM
Journal of Computation, 4:(2), pp.175-186,
June, 1975.

Zl M 2 (Seok-Yong Jin) ]3]

2001 84 dAdEtn A7)
Alg-stat Z4

© 20034 89 AAAhEta A17)A
Akt AAb

20031 9~ A] AAHtaL
A3 2k

© <¥]¥ol> PN Sequences, Error-

Correcting Codes, Spread Spectrum Communi-

& rjz

cations, Block/Stream Cipher Systems

Z A 8§ (Jeong-Heon Kim) 2314
199611 2% AAtHEw A=A
s} 2]

19989 2 AAdstm AAlE-
t‘ﬂ—jr,]. A—b\]_

20024 29 oA stk M)A
Azstba) vk}

20024 39~3A] A=} Al

A7
<#A]Hol> Mobile WiMax(WiBro), Error Correc-
ting Codes, PN Sequences, CDMA

www.dbpia.co.kr



= e Aol WE S ol FE shriris -] FA[A

Ht 7| 8 (Ki-Hyeon Park) A3

20071 2¢ Ak 2]
At B9

20091 29 qdAHEka A1
At ()

2009 3G~&lA] AAeta
IR EE e SR R

<ZAEok> PN Sequences, Cry-

ptography, Error-Correcting Codes

% & 9 (Hong-Yeop Song) FA13]

19841 29 <A
g} £4

198611 5% USC(University of
Southern California, USA)
skl Azlgstat (3s4h

1991 1294 USC oigd ==}
B3} (FEhAh

1992 19~1994d 4% USC Communication
Science Institute, A} 3 ¢3¢ (Post-Doc)

19941 59~19961 8% Qualcomm Inc., San Diego,
USA, Agled7d

19951 94~1998d 24 sIA e Axlg-shr}

ki
rN
N
&

Z7 4‘\,_
1998 394~2003 29 A A7 |AAEsk}
o

2002+ 34~2003% 24 University of Waterloo,
Canada, ¥W-rod7-u<

2003 34~&A QA 7kt w

<¥HJ+Hok> PN Sequences, Error Correcting Codes,
Spread Spectrum Communication Systems, Steam
Cipher Systems

639

www.dbpia.co.kr



	행벡터 집합이 벡터공간을 이루는 하다마드 행렬의 동치관계
	요약
	ABSTRACT
	Ⅰ. 서론
	Ⅱ. 주된 결과: 벡터합 연산에 관해 닫혀있는 행벡터들로 이루어진 하다마드 행렬의 동치관계
	Ⅲ. 주 결과의 응용 예 : 월쉬-하다마드 행렬과 최대길이 수열에 의한 순회 하다마드 행렬
	Ⅳ. 결론
	참고문헌


