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ABSTRACT

In this paper, we investigate into the existence and various properties of absorbing sets in regular LDPC

codes with variable node degree three. Also, we figure out the critical number of some absorbing sets that are

believed to be the major cause of error floor in (3,5) Tanner LDPC codes.

I. Introduction

The typical performance curve of the code is
referred as so-called waterfall curve. Occasionally
the performance curve of the codes using iterative
decoding such as LDPC codes and Turbo codes
shows the rapid slope decline in high SNR region
called error floor. In the case of Turbo codes, the
existence of the low-weight codewords is known
as the main cause of the error floor [1]. But in
the case of LDPC codes, it is hard to explain

this error floor just with the low-weight codewords
of an LDPC code [2].

In many previous studies, this undesirable
behavior of LDPC codes in iterative decoding
have been attributed to the combinatorial structures
of the codes. They are referred as the stopping
sets in BEC [3] and the trapping sets in AWGN
channel [2,4,5]. Also the concept of pseudo-
codewords [6,7] due to the property of the locally
operated iterative decoder has been attributed to

this phenomenon.
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It has been shown that the special form of
trapping sets called absorbing sets can be the
main reason of the error floor in some structured
LDPC codes. In [8] and [9], those problematic
absorbing sets were revealed through computer
simulations.

Since it is not easy to analytically identify the
absorbing sets of a given code, most of the
previous studies use simulation to show the
existence of small absorbing sets. Upto now, the
only analytic approach was done by Dolecec et
al. [10]. They proved the existence of small
absorbing sets in the array-type LDPC codes with
the variable node degree of 2, 3 and 4.

In this paper, we investigate into the existence
and various properties of absorbing sets in regular
LDPC codes with variable node degree three.
Also, we figure out the critical number of absorbing
sets in (3,5) Tanner LDPC codes.

The paper is organized as follows. In section
2, we review some useful definitions and notations.
The small absorbing sets in regular LDPC codes
with variable node degree three are revealed in
section 3. The critical number of an absorbing set
is obtained in section 4 and the concluding
remarks are in section 5.

II. Preliminaries

Let H be the parity-check matrix of a code, 1/
be the set of variable nodes, C be the set of
check nodes, £ be the set of edges
{(6.§) hyy = 0} € V< C and G(H)=(V.C:E)
be the Tanner graph of H. Let G(D) be the
induced subgraph corresponding to a subset
DC V. The degree of a node is defined as the
number of neighborhood nodes connected to it.
Let (D) and o(D) be the set of even- and
odd-degree check nodes in G(D), respectively. In
the graph depictions in this paper, a circle
represents a variable node and a square represents
a check node. A filled circle means an erroneous
variable node while an unfilled circle means a
correct variable node. Similarly, a filled square
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means an unsatisfied check node(USCN) having a
check-sum one and an unfilled square means a
satisfied check node (SCN) having a check-sum
Zero.

Richardson [2] suggested that the main reason
of the error floor is the “near-codeword”.

Definition 1 (Near-codeword) [2]
A (w,v) near-codeword is defined as a binary

vector z whose weight is w and the weight of

its syndrome is v. ]

When 2z is considered as an error vector, the
Hamming weight v of the syndrome of z is the
number of unsatisfied check-sums. Also in high
SNR regime, most of the errors are likely to
have small w. If we think the role of
unsatisfied check-sums is to change the bit value
in the iterative decoding, small v is not enough
to correct the errors. Thus in high SNR regime,
near-codewords with small w and v are thought

to be as the main reason of the error floor [2].

Definition 2 (Trapping set) [2]

An (a,b) trapping set, abbreviated as (a,b) TS
is defined as the set 7" of a variable nodes such
that the order of the set o(7) of odd-degree check
nodes in the induced subgraph G(7) is b. ]

Let = be a vector of weight a such that ones
are in the positions of the variable nodes of
(a,b) TS and zeros in the rests. If the weight of
the syndrome of z is b, then the vector z is

regarded as an (a,b) near-codeword.

Definition 3 (Critical number) [8]

The critical number of trapping set 7' is the
minimum number of the erroneous variable nodes
that leads to a decoding failure, provided that the
erroneous variable nodes are confined inside of
T. If the critical number of 7 is |7, T is
called the minimal trapping set. L]

Now, let us consider the role of check nodes

www.dbpia.co.kr



=M% se) 34571 39] A A LDPC H-5.2] Absorbing A3l Hste]

in bit flipping algorithm. Assume that all-zero
codeword is sent. If the number of erroneous
variable nodes connected to a check node is odd,
the check node is unsatisfied and will deliver the
message that each variable node connected to it is
wrong. On the other hand, if the number of
erroneous variable nodes connected to a check
node is even, the check is satisfied and will
deliver the message that the variable nodes
connected to it are right. Therefore during
iterative decoding, the SCN cannot contribute to
the change of the values of variable nodes. The
combinatorial structure, called the “absorbing set”,
is relevant to this explanation. Let ) be the
subset of V. For v&ED, let ¢,(0,) be the number

of even (odd) degree connected to v in the
induced subgraph G(D), respectively.

Definition 4 (Absorbing set) [9]
An (a,b) absorbing set (AS) D is an (a,b)
trapping set such that e, >o,, all vED. ]

The tentative decision of the variable nodes in
the bit flipping algorithm is the “majority vote”
of the values from check nodes connected to it.
In case that all variable nodes in absorbing set
are in error, the erroneous values of the variable
nodes in absorbing set remain unaltered. Therefore
the absorbing set over BSC behaves like the
stopping set over BEC in the sense that the

errors will be not corrected any more.

Definition 5 (Fully absorbing set) [10]

An (a,b) fully absorbing set D is an (a,b)
AS such that for all v'€ V\D, the number of
edges connected to C\o(D) from v is larger
than the number of edges connected to o(D)
from v’. L]

The fully absorbing set comes from the notion
that not only the interior but also the exterior
variable nodes of an absorbing set should be
taken into consideration in the iteration process.

That is, while a non-fully absorbing set may

propagate errors to the exterior variable nodes, the
fully absorbing set doesn’t propagate errors. In
this sense, the fully absorbing set is a stable
configuration. Certainly, every codeword is a fully
absorbing set.

. The Smallest Absorbing Set

In this section, we find the smallest absorbing

sets in a regular LDPC code with d,= 3.

Lemma 6
In an (a,b) absorbing set D of (d,

v?

LDPC codes, we have a—b= 0 (mod 2) if d, is

d,) regular

odd, and b is even if d, is even.
Proof: The number of edges in the induced
graph G(D) is d,-a, since the degree of

variable nodes is d,. At the same time, the

number of edges can be enumerated from check
node perspective, and we have

d,*a = (# of edges from even degree check
nodes) + (# of edges from odd degree check
nodes).

Reducing the above equation modulo 2, we
have

d,+a—b=0 (mod 2).

Therefore a—b= 0 (mod 2) if d, is odd and

b is even otherwise. L]

Lemma 7
In an (a,b) absorbing set D of a regular
LDPC code with d, =3, a = b.

Proof: From the definition, we have e, >o,
for all v&D. Thus in case of d,=3, o, is at

most one. Therefore a = b. ]
The next theorem shows the general form of

the absorbing sets in regular LDPC codes with
d,=3.
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Theorem 8

Let D be an (a,b) absorbing set of a regular
LDPC code with d,=3 and a>2. If all the
variable nodes participate in a cycle in the
induced graph, then b=a. (Resulting absorbing
set is depicted in Fig. 1)

Proof: It is manifest that the maximum length
of a cycle in a bipartite graph containing a
variable nodes cannot exceed 2a. Since a =)
from Lemma 7, and we have an example of
(a,a) absorbing set with 2a-cycle in Fig. 1, it is
enough to show that there must exist a cycle of
length less than 2a in the induced graph G(D)
if b<a.

Since d,= 3 and all the variable nodes participate
in a cycle, the degree of any odd degree check
node in G(D) must be one. Thus, b<a implies
that there is at least a variable node v with
e,=3 and o,=0. Let ¢,c,and c¢; be 3
neighboring check nodes of degree 2. Since v
must participate in the cycle of length 2a, this
cycle of length 2a contains 2 of the 3
neighboring check nodes, namely c, and c3. Let
v' be the other variable node connected to the
remaining one check node ¢;. Since v also
participates in the cycle of length 2a, there is a
segment from v to o  of length less than or
equal to a in the cycle. Thus, adjoining this
segment with path v-c;-v" makes another cycle
of length less than or equal to a+2. Finally, the
fact that a+2 < 2a proves the theorem. ]

Fig. 1. (a,a) AS with 2a-cycle

940

The following two corollaries are the immediate

consequences of Theorem 8.

Corollary 9

For a regular LDPC code with d,=3 and
with girth g, the smallest absorbing set is a
(g/ 2,g/ 2) absorbing set and there is a cycle with
length ¢ in the induced graph corresponding to
this absorbing set.

Corollary 10

In a regular LDPC code with d, =3 and with
girth g, there is no (a,b) absorbing set such that
a<g/2, b<g/2.

The next theorem tells us about the conditions
for an (g/2,9/2) AS to be a fully absorbing set.

Theorem 11

In a regular LDPC code with d, =3 and girth
g, the smallest absorbing set (g/ 2,g/ 2) AS is a
fully absorbing set if g > 8.

Proof: Let D be the (g/ 27g/ 2) absorbing set.
Assume that D is not a fully absorbing set.
Then, there exist at least one variable node v’
€ '\ D which is connected to two or more odd
degree (degree one) check mnodes in o(D).
Assume that these two odd degree check nodes

are connected to the variable nodes, v; and v; in
D, respectively. (See Fig. 2.) Because v; and v;

participate in the cycle of length g, there must

(g/2,g/2) AS

Fig. 2. For the proof of Theorem 11.
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exist a segment from wv; to v; whose length is
less than or equal to g/2. Adjoining this segment
to the path ?)L--v'-'uj forms a cycle of length less
than or equal to g/2+4. Since the girth is g, it
leads to a contradiction if ¢/2+4 < g, which in
U]

In most of the LDPC codes in practice, the
girth g is 6 or 8. In this case, the (g/2 ,g/Q)
AS is the smallest, but may not be the smallest

turn becomes g > 8.

In fact,
(3,3)
smallest fully absorbing set. The smallest fully

fully absorbing set.
LDPC with d,=3, the

in an array-type

AS is not the

absorbing set in this case is a (4,2) AS shown
in Fig. 3 which can be considered as the merged
form of two (3,3) AS’s. In a non-fully absorbing
set, the error bits inside the absorbing set may
the variable nodes outside the

propagate to

absorbing set during bit flipping decoding.

Theorem 12

In (3,5) Tanner LDPC codes,

@ A (4,4) AS is the smallest when p=31.

@ A (5,5) AS is the smallest and a fully
absorbing set when p =61 and 151.

® A (6,6) AS is the smallest and a fully
absorbing set when p = 181.

Proof: In [11] the girth of a (3,5 Tanner
LDPC code is derived and it is as follows.

8, ifp=3l1
g=1410, if p=61,151
12, if p=181

Applying Corollary 9 and Theorem 11, we can
[

prove the theorem.

Fig. 4. (5,3) AS: the smallest fully absorbing set
in (3,5) Tanner LDPC codes with p= 31.

In a regular LDPC code with d,=3, a g-cycle

always corresponds to a (g/ 2,g/ 2) AS. Thus,
from Theorems 8 and 12, the (g/2,9/2) AS is
the smallest fully absorbing set for (3,5) Tanner
LDPC codes with p > 61. As one can see in the
next section, the critical number is ¢/2, ie., the
minimum number of uncorrectable errors in this
code is ¢/2. Thus, it is fairly reasonable to say
that minimum length cycles are the major reason
of the error floor. For the case of p=31, the
(4,4) AS is not a fully absorbing set. Analysing
the 8-cycles given in [11], we can verify that the
(5,3) AS
shown in Fig. 4, which can be made of three

smallest fully absorbing set is the
8-cycles sharing three variable nodes.
IV. Critical Number of an Absorbing Set

Now, consider the case when some (not all)
variable nodes in the absorbing set are in error.
For example, if the variable nodes, v,, v,, and
vy of a (4,2) AS in Fig. 3 are in error, then
decoding fails. The variable nodes v,, v,, and v,
make a (3,3) AS. Thus the critical number of
the (4,2) AS is three. In an effort to lower the
error floor by breaking small absorbing sets [12],
knowing the critical number of an absorbing set
is important. In this section, we derive the critical
number of an (a,a) AS and a (5,3) AS in (3,5)
Tanner LDPC codes.

941
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Theorem 13
In a regular LDPC code with d,=3, the

critical number of an (a,a) absorbing set is a.

Proof: Let wvy,v;,vy,-*- ,v,_; be the variable
nodes consisting of an (a,a) absorbing set D and
¢, 0<k<a—1 be the degree-2 check nodes in
the absorbing set connected to the variable nodes
v, and wv,,,. Assume without loss of generality
that the configuration of the (a,a) absorbing set
is given Fig. 1. Assume that all-zero codeword is
sent and errors in the received vector are
confined only in the absorbing set.

Let v 0 <i<a—1, be the tentative decoded

value of the variable node v, after the ¢-th

iteration. Let z ) and z _, be the message from

v; to ¢ and ¢ _,, respecuvely during the t¢-th

7 (2
()

.; and EEZ) ., be the message from

iteration. Let ¢;

¢; to v; and v, ,, respectively during the ¢-th

K3
iteration. Note that vgo)(Z zfll)) is the initial value

of v, received from the channel. Here, an

(2
iteration is defined to be a variable node update
followed by a check node update. From the fact
that all ¢’s are of degree 2, we have
) ) — @

eﬁfll_i: 221,17 and €= z"l;;. Since the
tentative decoding is a majority vote, vgt) can be
expressed as
vgt): maj{O,eEQM,eE"g }
{0, 24 G M
maj szlz 17Z1+12

where the subscripts are of arithmetic modulo
a. In Gallager B algorithm, variable node updates

can be expressed as

© -1 } @)
Ui Z1 % 9,i—2

and

Z£+)17_ ma]{O U7+)17€§t+112+1} 3
O ) &)

maj{o Vit1oZi+2,i+1

From the truth table of a majority vote, we
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have maj{0,a,b}=ab. Thus, by plugging (2)
and (3) into (1), (1) can be rewritten as

) — () ) _—(,0) (t-1) (0) _(t-1)
Vi T Ric1i-1 Zy:+1,z:*<vy:—1z7—2, 2)(Ui+lz7‘,+2.i+1)

Applying (2) and (3) recursively, we have the

following expression.

(t—m) (t—m)
(Hvy ) Ri—m—1li—m—1 Zi+m+1Li+m

Especially for t=a and m =a—1, the above

expression can be rewritten as

(o

a—1
~TT
k=0

Thus, unless all the initial received values are
in error, decoding is completed after at least a-th
iteration. Therefore, the critical number of an

absorbing set is a. L]

As mentioned before, the smallest fully
absorbing set in a (3,5) Tanner LDPC code with
p= 31 is the (5,3) AS shown in Fig. 4. The

next theorem tells us that its critical number is 3.

Theorem 14

The critical number of a (5,3) AS in a (3,5)
Tanner LDPC code with p= 31 is 3.

Proof: Let the notations for variable nodes and
check nodes and their update messages in a
(5,3) AS be shown in Fig. 5. Assuming that no
errors occur outside of the (5,3) AS, the check
node updates and variable node updates at

iteration ¢ can be expressed as follows:

) (&) @) ®) ) ) @)

t) t) _
€12 = 211,611 — R21,€22 T Z32,€23 T 222,633 — 243>
() — @) () — () (&) — (&) (&) — () (1) — (&)
€34 _233>€41 T R445€44 T 2145652 T 2555655 — 2255
B =0 (B 1)
€64 56 >€65 46

z%)= UEO) for all 4 and j. and for ¢ > 2,

z(ﬂ) =maj{ V{0 62’2 1,652 } maj{ V{0 zsf2 1,23 1)}

2(44)—ma]{ V(“ E(‘i 1763_1 '} = mag{ V(O t 1723t3 1>}
Z(H) =maj{0, V<0 641 U} = mag{o, V<0 244

www.dbpia.co.kr
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zgf;z) :maj{O7 V; ,633

}—maJ{O V; ,23'3 1)}
z(fs):maj{() V(U 660 ])}:maj{() V(0 24 ])}
t 1} maj{ V(() thl 1) dt) 1)}
zi;—maj{Vm €4t.1 176{1 Y b= mag{V«) th4 I’ere 1)}
z(” —ma]{() V(U 625 ])} maj{() V(0 221;])}
Z(M =mag{0, Vm ,611 U} = mag{o, V<0 ,22'1 v
zgﬁ) —mag{O V<0 650 } maj{() VO 220 }
V)= mag{ V(O 7211 7'2;2 U}
=magj{ V<0 ,z14 ,z3’3 U}

zg,) =maj{ V(” eth D

Zg>_m(1]{ V(O Eltz b FZ)

Ziﬁ) —ITLCLJ{ I/<0 €4f_1 1)76‘2{1 )

Similarly, the value at tentative decision of

each variable nodes are as follows:

Vﬂ =maj{0, E117641} mag{0, 22172 }_ 21 44

V2<t = maJ{5127€527522 b= maj{zu 72535)72((22)}

Vi) = mag 0,4} =maj{0,2), 24y } = 2=
F= g ) = 545

V“)—ma]{() err,e&, } maj{0, 22 ,szfj)} = zég)zy’ﬁ)

K \'1 Lo \-A@)

Fig. 5. Updates in a (5,3) AS

Combining these expressions, one can obtain the
value of each variable node at tentative decision in
terms of the initially received value. For example,

the values for V) at iteration ¢t =2 are;

o=
= maj{ Vm)7 V;O), Vym) }maj{ Vimu V;-;(O)v V;m}
V<2 = maj{zﬁ),z%),z%)

= maj{(Vi" V") (B V). (VP V)

=
= maj{ VO, VO, VO Ymaj{ v, v, v}
VP = maj{ 27 2}
= maj{( V?fo) VQ{O))7< Vf()) V2<0)>7( V;o) Vém)}
V2= @, 0

5 T %25 %46

= ma{ VO, V1, VO Ymag{ VIO, VO, v}

o

Note that V<2 V<0 1 <i<5, when the
initial received values are V]«J): V;O): [/:,fo):
and V= V)=

In fact, under the same initial received values

of V«) Vm I/;“)Zl and Vz«]): Vf)):(), we
have
s D 0 B
_2(4{% 2)2(41672)2(;5 2) Wt 2) Vt 2)
V=040 = 0 wg g
_ZL 2)2556 2)2(25 ) V(f 2) Vs(f 2)
= ) A
Zzif[mzfg?)zg] _ sz 2) V;(z—2)
and

Vi = 2ef) 2z + gl
=l VDl 4l
:Zétbﬂ)zgt;z) (t—2) _ V(tfz)
V0= )+ 00+ 81
=2 o ”+z§’; Ve VgV
Z(lt1 2)220 -2) _ V2<t—2)

The final equalities of the last two equations are
a little tricky, since V“ﬂ) is not z(‘b Q)ZES 2)2'57[2)

but maj{ng 2)25{3 2);:%’[2)}. But with the given

@ @) (t)

initial conditions, z;;, 233, and 2 always take

value 1 so that maj{zgo 2)'3?5 ”zﬁﬂ 2

(t—2) (t—2) (t—2
56 )Zé‘s )Z§4 :

} is same as

The above equations tell us that the tentative
decoded values of variable nodes remain same at
every other iteration. Therefore, with three initial
errors at V;, Vi, and 1, the errors are trapped.

Now, the remaining part for proving the critical
number is three is to show that any error patterns

of weight less than or equal to 2 can be corrected

943
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during the iterative decoding, and this can be
(5,3) AS is of the

merged form of two (4,4) AS’s whose critical

easily shown since the
number is 4. (]

Theorem 14 tells us that the major cause of
the error floor in (3,5) Tanner LDPC codes can
be the errors in some three variable nodes in a
(5,3) AS. The error trapping process in a (5,3)

AS with three initial errors at V), V5, and 1}

is depicted in Fig. 6.

(a) 1st VNU, CNU

(b) 2nd VNU, CNU (c) 3rd VNU, CNU

Fig. 6. Decoding process of (5,3) AS with errors at
variable node v,, v; and v,

V. Conclusions

In this find out the smallest
absorbing sets and the smallest fully absorbing

sets in regular LDPC codes with d,= 3. Also,

paper, we

we figure out the critical number of some
absorbing sets that are believed to be the major

cause of error floor in (3,5) Tanner LDPC codes.
References

(1] S. Benedetto and G. Montorsi, “Unveiling turbo
codes: Some results on parallel concatenated
coding schemes,” IEEE Trans. on Inform.
Theory, vol. 42, no. 2, pp. 409-428, Mar. 1996.

(2] T. Richardson, “Error floors of LDPC codes”,
in Proc. 4lst Annual Conference on
Communication, Control
pp-1426-1435, Sep. 2003.

(3] C. Di, D. Proietti, I. E. Telatar, T. J. Richardson,
and R. L. Urbanke, "Finite-length analysis of

low-density parity-check codes on the binary

and Computing,

erasure channel,” IEEE Trans. on Inform.
Theory, Vol. 48, No. 6, pp. 1570-1579, June

944

(10)

2002.

D. Mackay and M. Postol, "Weaknesses of
Margulis and Ramanujan-Margulis low-density
parity-check codes,” Electronic Notes in
Theoretical Computer Science, Vol. 74, 2003.
S. Laendner and O. Milenkovic, “Algorithmic
and combinatorial analysis of trapping sets in
structured LDPC codes”, In Proc. of Wireless
Networks, Mobile
Computing, Vol.1, pp. 630-635, Hawaii, USA,
2005.

P. Vontobel and R. Koetter, "Graph-cover

Communication  and

decoding and finite-length analysis of message
-passing iterative decoding of LDPC codes,”
submitted IEEE Trans. Inform. Theory, 2005.
C. Kelley and D. Sridhara, “Pseudocodewords
of Tanner graphs,” IEEE Trans. on Inform.
Theory, Vol. 53, No. 11, pp. 4013-4038, Nov.
2007.

S. K. Chilappagari, S. Sankaranarayanan, and
B. Vasic "Error floors of LDPC codes on the
binary symmetric channel,” in Proc. of IEEE
ICC 2006, Vol.3, pp. 1089-1094, June 2006.
Z. Zhang, L. Dolec, B. Nikolic, V. Anantharam,
and M. Wainwright, “Investigation of error floors
of structured low-density parity-check codes by
hardware emulation,” in Proc. of GLOBECOM
2006, pp. 1-6, San Francisco, CA, Nov. 2006.
L. Dolecec, Z. Zhang, V. Anantharam, M.
Wainwight, B. Nikolic, “Analysis of absorbing
sets for array-based LDPC codes,” in Proc. of
ICC 2007, pp. 6261-6268, 24-28 June 2007.
S. Kim, J.-S. No, H. Chung, and D.J. Shin, “On
the girth of Tanner’s (3,5) quasi-cyclic LDPC
codes,” IEEE Trans. on Inform. Theory, Vol.
52, No. 4, pp. 1739-1744, Apr. 2006.

K. Lee, H. Chung, and H. Jang, “Two-stage
decoding in Gallager B algorithm of LDPC
codes using redundant parity-check equations,”
Proc. JCCI 2009, III-E-4, Kwangju, Korea,
April 2009.

www.dbpia.co.kr



=/ g ee] 247} 391 A2 LDPC -39 Absorbing 4 gl ¥3}e]

0l 71 & (Kijun Lee) A3l

2009L4 3~°:ei~‘642H Wéx 2t
Device Solution -
<FlRol tAEEAl, £{A4AN-S, LDPC F-3,

X &} 2 (Habong Chung) A3

19811 24 A2t Az
3kt Fshat

19851 129 ©]= University
of Southern California, %17]
B3} Tt AL

19881 849 w|= University of
Southern California, 7]
33t Fshabat

1988+ 94~1991d 8¢ w5 FETH A7|E
sh,]_ Z S

19911 90U ~3A] Fofrstal AR g a

<ol 3 o], 23l Al A

Z+ & M (Hwanseok Jang) A3
2008 29 Fofstar AAbd

ARz A
<ok TAEEA, 25
X% LDPC K&

-

945

www.dbpia.co.kr



	변수노드의 차수가 3인 정칙 LDPC 부호의 Absorbing 집합에 관하여
	요약
	ABSTRACT
	Ⅰ. Introduction
	Ⅱ. Preliminaries
	Ⅲ. The Smallest Absorbing Set
	Ⅳ. Critical Number of an Absorbing Set
	Ⅴ. Conclusions
	References


