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ABSTRACT

The paper studies characteristics of the minimum mean-square error symmetric scalar quantizers for the 

generalized gamma, Bucklew-Gallagher and Hui-Neuhoff probability density functions. Toward this goal, 

asymptotic formulas for the inner- and outermost thresholds, and distortion are derived herein for nonuniform 

quantizers for the Bucklew-Gallagher and Hui-Neuhoff densities, parallelling the previous studies for the 

generalized gamma density, and optimal uniform and nonuniform quantizers are designed numerically and their 

characteristics tabulated for integer rates up to 20 and 16 bits, respectively, except for the Hui-Neuhoff density. 

The assessed asymptotic formulas are found consistently more accurate as the rate increases, essentially making 

their asymptotic convergence to true values numerically acceptable at the studied bit range, except for the 

Hui-Neuhoff density, in which case they are still consistent and suggestive of convergence. Also investigated is 

the uniqueness problem of the differentiation method for finding optimal step sizes of uniform quantizers: it is 

observed that, for the commonly studied densities, the distortion has a unique local minimizer, hence showing 

that the differentiation method yields the optimal step size, but also observed that it leads to multiple solutions 

to numerous generalized gamma densities. 

Key Words : scalar quantization, generalized gamma source, Bucklew-Gallagher source, Hui-Neuhoff source, 

asymptotic formulas, MSE distortion 

First Author : Ph.D from Electrical and Computer Engineering, Ajou University, Suwon, Republic of Korea, altitude@ajou.ac.kr, 정회원 

° Corresponding Author : Department of Electrical and Computer Engineering, Ajou University, Suwon, Republic of Korea,

sangna@ajou.ac.kr, 종신회원 

논문번호：KICS2015-06-166, Received June 2, 2015; Revised July 6, 2015; Accepted July 6, 2015

Ⅰ. Introduction

Quantization is an integral part of converting an 

analog signal to a digital form for further 

processing, communication and/or storage, such as 

in a GPS system
[1], a soft-decision error correction 

system[2] or a multiple antenna mobile system[3]. In 

such applications it is important to estimate the 

performance and key characteristics of quantizers for 

the system design and performance analysis. In 

general without actual design it is difficult to 

estimate accurately thresholds, quantization levels, 

and the mean-square error (MSE) distortion of an 

optimal (minimum MSE) quantizer. However, when 

the number of levels is large, the high resolution 

quantization theory
[4-10] has discovered approximation 

formulas that are increasingly accurate with more 

number of levels for some of such characteristics. 

This paper extends in particular these two 

studies
[9-10], respectively, to nonuniform quantizers 

and to source probability density functions (pdfs) 

with heavier tails; investigates the uniqueness 

problem of the differentiation approach
[9] for finding 

optimal step sizes; and assesses accuracies of these 

formulas by comparing them with those of 

numerically designed quantizers.
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Fig. 1. Nonnegative half of a symmetric scalar quantizer 
under study 

We focus on symmetric uniform and nonuniform 

scalar quantizers with even number  of 

levels that are applied to symmetric pdfs, as 

illustrated in Fig. 1, where only the nonnegative half 

of the quantizer is labeled for the sake of simplicity 

for thresholds ⋯ with  ∞ and 

quantization levels ⋯. The word “symmetric” 

is sometimes dropped because it is the only type 

considered, although truly optimal quantizers may 

not be symmetric.

The (total) MSE distortion  of -level 

symmetric quantizer applied to a source with 

symmetric pdf   can be thought to be the sum 

of distortions from the inner region   and 

the outer region ∞∪∞. The former 

will be called the inner distortion   and the latter 

the outer distortion . These correspond essentially 

to more commonly-known granular and overload 

distortions, although they are slightly different. Then 
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The primary interest of the paper is the following 

characteristics of optimal symmetric uniform and 

nonuniform quantizers: (a) the nonzero innermost 

threshold  and level  because these are an 

indicator to how the quantizer treats small input 

values; (b) the outermost threshold  and level  

because they show how the quantizer treats large 

input values; and (c) the inner, outer and total 

distortions , , and , respectively.

The source densities considered for the study are: 

(a) the generalized gamma pdf as a representative of 

light-tailed densities, to which the common 

generalized gamma (the Gaussian, two-sided 

Rayleigh, Laplacian, and usual gamma) pdfs belong; 

(b) the Bucklew-Gallagher pdf as a heavy-tailed 

density; and (c) the Hui-Neuhoff pdf as a very 

heavy-tailed density.

The principal results of the paper include 

asymptotic formulas for the characteristics that are 

newly derived herein for nonuniform quantizers for 

the Bucklew-Gallagher and Hui-Neuhoff pdfs, 

parallelling those for the generalized gamma pdfs
[10]. 

Overall the formulas are observed to be accurate for 

the generalized gamma and Bucklew-Gallagher pdfs, 

for example, in that the percent error of the 

formulas for  of uniform and nonuniform 

quantizers is within 1% from true values for rate 

 ≥  bits, whereas, although those for 

the Hui-Neuhoff pdf are not as accurate at studied 

rates, they are still suggestive of consistent patterns 

for convergence. For the accuracy assessment of the 

formulas, optimal uniform quantizers are numerically 

designed using direct minimization for integer  up 

to 20 bits, extended from 16 bits[10], and nonuniform 

quantizers using the Lloyd-Max algorithm
[11-12] up to 

16 except for the Hui-Neuhoff pdf, in which case 

the maximum rate is 11, beyond which the design is 

a challenge inviting much more care.

Also presented is an investigation on the 

uniqueness problem of the differentiation method
[9] 

for finding optimal step sizes of uniform quantizers. 

It is found that, for the four common generalized 

gamma, Bucklew-Gallagher, and Hui-Neuhoff pdfs, 

 is either convex-U in the step size or non-convex 

but has a unique local (hence global) minimizer, and 

therefore the differentiation method yields a unique 

solution for all of them, but also that there exist 

numerous generalized gamma pdfs for which the 

differentiation method leads to multiple solutions, 

the smallest among which, nevertheless, always 

seems to be the optimal step size in the case of the 

studied pdfs.

To the best of the authors’ knowledge the 

formulas for optimal nonuniform quantizers for the 

Bucklew-Gallagher and Hui-Neuhoff pdfs and the 
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investigation on the uniqueness problem of the 

differentiation method have not been previously 

reported in the literature.

The rest of the paper is organized as follows. 

Section II lists the source pdfs of interest, Section 

III investigates the uniqueness problem associated 

with the differentiation method for optimal step 

sizes, Section IV studies asymptotic formulas for the 

characteristics of optimal quantizers for various pdfs 

and assesses accuracies of the formulas comparing 

them with numerically designed quantizers, and 

finally Section V concludes.

Ⅱ. The Source Distributions

The probability density function of the 

generalized gamma (G-Γ) distribution
[13] is defined 

as 

 

 



  

 
 

, (2)

where   ,  ,  , and 

 


∞

    is the gamma function. The  

G-Γ pdf specializes to the Gaussian 
 , 

two-sided Rayleigh 
 , Laplacian 


 , and usual gamma  




 , 
where   is the standard deviation. The 

Bucklew-Gallagher (B-G) pdf[5] is defined as 

   





, (3)

where  . It is symmetric about zero, unimodal, 

and has unit variance when  . The Hui-Neuhoff 

(H-N) pdf[7] is defined as 

    


, (4)

where  , the normalization constant   is given 

by  


, where 

 


∞

   is the complementary 

incomplete gamma function. It is also symmetric 

about zero, unimodal, and has the unit variance and 

  ⋯ when  ⋯, all 

numerically obtained.

The G-Γ pdf has a light tail, the  B-G  heavy, 

and the H-N very heavy. For the  B-G  and the  

H-N pdfs, a smaller  implies a heavier tail and a 

larger variance. The G-Γ and B-G pdfs satisfy 

Bucklew and Wise’s finite moment condition[6] of 

Thm. 2, i.e.,  ∞  for some   , but 

the  H-N  does not.

Ⅲ. The Uniqueness Problem of the 
Differentiation Method

The uniform quantizer studied in the paper is 

specified by    and    
 , 

 ⋯, where  is the step size, the distance 

between adjacent thresholds, which equals . In 

such a case, the inner and outer distortions   and 

 in (1) reduce respectively to 

  
 

 


 



 
 



 (5)

  
 

∞

 
 



. (6)

We now investigate the uniqueness problem of 

the differentiation method
[9] for finding optimal step 

sizes. 

Designing an optimal uniform quantizer is 

essentially finding optimal  that minimizes 

  . To do so, one would normally try the 

differentiation method, i.e., solve 

   for . 

This method, though probably the de facto standard, 

in general does not yield the optimal step size 

directly but its candidate(s). However, in the 

following it is shown that it yields a unique solution 
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Fig. 2. Behavior of ″ for the unit-variance 

Gaussian pdf
 

Fig. 3. Behavior of ″ for the unit-variance 

two-sided Rayleigh pdf

in the case of the four common  G-Γ,  B-G, and  

H-N  pdfs:  is convex-U in  in all the cases 

except for the two-sided Rayleigh pdf.

3.1 On the Convexity of 
Distortion  of a uniform quantizer when 

applied to a source with symmetric pdf  , 

denoted   to show its explicit dependence 

on  and , can be rewritten as, for ≥, 

  


∞




∞








 

 




∞


(7)

after rearrangement of integration intervals in the 

summation in (5) and some manipulation, which 

yields the following first and second derivatives with 

respect to : 

′


∞






 

 




∞


(8)

″  



 

 




∞

 (9)

In the case of , there are no summation 

terms in (7)-(9).

As noted[9], since lim
→

  
 , 

lim
→

′, and lim
→∞

  ∞,   

achieves its global minimum in ∞ . 

Furthermore, if it is convex-U in , the global 

minimum is achieved at its unique local minimizer 

, which can be found by solving ′    
for . A sufficient condition for the U-convexity is 

a positive second derivative, i.e., ″    for 

. Behaviors of ″   for several values 

of  are shown in Figs. 2 and 3 as representative 

pdfs, where only relatively small values of  are 

chosen for the plotting purpose. In general, for any 

pdf ″  


, and, as  increases, ″   
develops a better-defined knee that forms at a 

smaller  with the knee level approaching 


. Its 

behavior depending on a specific pdf can be 

classified into two cases, as discussed in the 

following.

One case is when ″    for each 

≥, exhibiting that   is convex-U for 

each . All the previously mentioned pdfs except 

for the two-sided Rayleigh belong to this case, 

including the Gaussian shown in Fig. 2. Based on 

extensive observations (for ⋯ and much 

larger  in some cases), it is conjectured that in 

order to check for the positiveness of ″   for 

all ≥ , it is sufficient to check if ″ 
is positive. The reason is that, once ″   , 
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Fig. 5. Three regions for the unit-variance G-Γ pdfsFig. 4. Behavior of   for the unit-variance 

two-sided Rayleigh pdf

Fig. 6. Behavior of   for unit-variance G-Γ

pdf with  and   

then it appears that ″   does not fall below 

zero as  increases.

Another case is represented by the two-sided 

Rayleigh pdf, for which Fig. 3 shows the minimum 

of ″   is negative around   (exactly 

if ), implying the nonconvexity of  . 

However, ′    has a unique solution, as 

can be inferred from Fig. 4, which shows how 

  behaves with .

3.2 Further Investigation in the Case of  G-
Γ PDFs

Upon accepting the conjecture that 

″ implies the convexity of   

for ⋯, the unit-variance  G-Γ pdfs can be 

classified into three groups: those for which 

  is convex-U and hence has a unique 

global minimum; those for which it is not convex 

but has a unique local (hence global) minimum; and 

the rest for which it has multiple local minima. Fig. 

5 shows the three regions defined by these groups, 

where the thin-lined boundary between the convex 

and the unioptimum regions is determined by the set 

of   that satisfies numerically ″  , 
that is Eq. (9) with  evaluated at its minimizer 


 





 




 and set to 0, and the 

other boundary, thick-lined, by the set of   for 

which ′    has (numerically observed) 

multiple solutions. Also shown in Fig. 5 are the 

locations of the Gaussian G, Laplacian L, usual 

gamma Γ pdfs belonging to the convex region; and 

the two-sided Rayleigh R to the unioptimum region. 

Point   is particularly notable as an example 

of pdfs in the multiextrema region and the behavior 

of its   is shown in Fig. 6, which clearly 

shows multiple (two in this case) local minima for 

≥, between which the smaller is the global 

minimum. Although details are not given in the 

paper, it is noted that the number of local minima 

increases as   and   increase, e.g., three local 

minima are observed for  , among which the 

global minimum is achieved at the smallest local 

minimizer. As a comment we add that the convex 

region is of course a subset of the unioptimum 

region and we find it more convenient to check the 
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convexity, if that is the case, than the unioptimality 

because it requires less numerical search efforts.

Ⅳ. Characteristics of Optimal Quantizers

As mentioned in Section I, we focus on such 

characteristics as  and ,  and , and ,  

and . We follow the developed methodology[10] 

and summarize it below.

In the case of optimal -level uniform quantizers 


, we use the approach by Hui and Neuhoff[7] for 

characterizing the asymptotic form of the outermost 

threshold , from which optimal step size 

  can be obtained from 


 and 

  


. The formulas given in this section for the  

G-Γ pdf come directly from the previous 

studies
[7,9,10]; the formulas for the  B-G  and  H-N  

densities are rederived[9] for additional terms.

  Asymptotic formulas for distortions of 
 are 

derived from the expressions[9] in Thm. 4: 
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(10)
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(11)

where ≤
   




  .

For optimal nonuniform quantizer 
 , we use the 

formula from the previous study[8] for  for the  

G-Γ, and derive new formulas for the  B-G  and  

H-N  pdfs. An expression for optimal  can be 

heuristically found in terms of  by following, e.g., 

the differentiation method[8]: solve 

 
  for 

, where  , i.e.,  in (1), in order to show 

the dependence on  explicitly, is rewritten as 

  








  

 


∞

   
 






where  is the optimal level of  , i.e.,

 













. (12)

When the second integration term in the bracket 

is approximated as a Panter-Dite formula-like 

expression[4] for optimal 
 , we have 


 ≈




 


 

∞

 




This approach is heuristic because, instead of the 

derivative of the original  , that of the right 

hand side of the above approximation expression is 

used. For a specific  , since  is given in (12), 

 is the only unknown in 


 
 , which 

reduces to 

  
  

 


∞

   , (13)

from which  can be found.

An asymptotic formula for 
 , i.e.,  in 

(1), is provided by the Panter-Dite formula[4] 

 
  

 



 



 , (14)

where the “little o”   denotes a quantity that 

vanishes as →∞, i.e., lim
→∞

   .

An asymptotic expression for 
 , i.e.,  in 

(1), is obtained using the formula for optimal  and 

noting that  is the optimal level of ∞ , i.e., 

 




∞






∞



. (15)
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Specific formulas for these characteristics are 

given and discussed in the subsections that follow.

To assess the accuracies of the formulas, optimal 

symmetric quantizers are designed and their 

characteristics are tabulated in Tables 3-8: uniform 

quantizers with integer rate   up to 20 bits are 

designed with direct minimization (so the rate is 

extended from 16 in the case of the common  G-Γ 

pdfs[10]); and nonuniform quantizers with up to 16 

bits for the  B-G  pdf with the Lloyd-Max 

algorithm
[11-12] and for the Hui-Neuhoff pdf up to 11 

bits, beyond which the design has experienced a 

numerical challenge. Overall the designed quantizers 

agree with those
[7] to the extent reported.

4.1 The  G-Γ PDFs

4.1.1 Optimal Uniform Quantizers 


The optimal outermost threshold  for the G-Γ 

pdf is found following the method of the previous 

papers
[7,9] and using the binomial series of 

  ⋯ for   and is quoted[10] to 

be: 

 ≈
 





  








  






 
  

where 

 


,   
















   


 









.

Formulas for other quantities are obtained using 

the above expression for . For example,   

is found from    or

 ≈
 
 







 













 







 
  

and distortion formulas (quoted from the work[10]): 
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,


≈

 





  ,

where the Hui-Neuhoff asymptotic constant  is 

defined as 

  lim
→∞

 




 


 



after their discovery[7].

Assuming the accuracy of the distortion formulas, 

one can see that, as the ratio 


 

≈


 

indicates, the inner distortion dominates the outer 

distortion in the case of the optimal uniform 

quantizer for the  G-Γ source.

4.1.2 Optimal Nonuniform Quantizers 


For a symmetric quantizer 
  optimized for the  

G-Γ pdf, the outermost threshold  is found and 

reported[8] as: 

 ≈
 














 




 













Then from (15) 

 





 





 

  



 
using the asymptotic expansion[14]: →∞ 

    



 , (16)

where the “big O”  denotes a quantity 

“bounded” by  , that is there exists a number 

 such that the quantity is bounded by 

   for all positive integer . Other “big O” 

notations are used in similar manners.

For optimal , we use the expression for  

from (12) 

   






















 ,
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Fig. 7. Percent errors of 
  and 

  for the common G-

Γ pdfs.
 

Fig. 8. Percent errors of 
  and 

  for the common G-

Γ pdfs
 

Fig. 9. Percent errors of the asymptotic formulas for 


 and 

  for the common G-Γ pdfs

where  




   is the incomplete 

gamma function with convergent series 

  
  

∞




, and solve (13) to 

obtain

  
 




 







 



×

















 




 












.

Distortion expressions resulting from these are 

found
[10] to be: 

 
 ≈

   



 


 



,

 
 ≈

  



 


 



,


 ≈


,

where the Panter-Dite asymptotic constant  for 

the G-Γ pdf is given by 

  lim
→∞


  

   



 


 

 .

As in the case of uniform quantizers, the ratio 


 

 
 
≈


 indicates that the inner distortion 

dominates the outer distortion in the case of the  G-

Γ source.

4.1.3 Numerical Results and Discussion

Figs. 7-9 show the percent errors of the 

asymptotic formulas for ,  and   for the 

common unit-variance  G-Γ pdfs from the values in 

Tables 3-6. In general they estimate the true values 

with increasing accuracy with the rate.

At  the formulas estimate  and  

within 0.5% error except 
 for the usual gamma 

pdf, in which case the percent error is 1.42%. At 

 they are all within 0.8%.

At  the formulas for   are within 

2.5% error except for 
 for the usual gamma pdf, 
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in which case the percent error is approximately 

-13%. At  they are approximately within 1% 

except 
 for the usual gamma pdf, in which case 

the percent error is approximately -5.5%.

Based on these observations, we conclude 

cautiously that the asymptotic formulas are accurate 

for the pdfs under study with the exception of those 

for uniform quantizers for the usual gamma pdf.

4.2 The  B-G  PDFs

4.2.1 Optimal Uniform Quantizers

For a uniform quantizer 
 optimized for the  

B-G  pdf with parameter , the outermost threshold 

 satisfies[7]

  
 







(17)

×












 
 



  











 




 















Then, from   , we also have 

 
 



  
 (18)
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For distortion 
  for the  B-G  pdf   

with parameter , we have
[9]


  

 
, 

where

 
 


, (19)

 
 






 
  (20)

as →∞ and →∞, where the outermost 

threshold   . Then substituting (17) 

and (18) for  and , respectively, in (19) and 

(20) and manipulating terms yield

 
  

 



   
 


















  

 














 
  

 
 



   
 




















 












from which we obtain the following asymptotic 

expression: 


  

 
 



×   
 


















  

 












.

As reported already
[7,9],   and  are of the 

same order in  and neither dominates. Asymptotic 

formulas corresponding to the unit variance are 

obtained with   and listed in Table 1, where the 

Hui-Neuhoff asymptotic constant 

  
 



 
 



 ⋯.

4.2.2 Optimal Nonuniform Quantizers

For a nonuniform quantizer 
  optimized for the  

B-G  density with parameter , the outermost 

threshold  and threshold  are derived following 

the procedure described at the beginning of this 

section: 

  
 











 



,

  



 






 .

It is straightforward to obtain  

 
 

from (15). These  and  yield formulas for 


  and 

  from (14) and (1), 

respectively: 

 
  




 ,

 
  




 .

Unlike the uniform case, the ratio  from 

the above expressions is in the order of , 

exhibiting a strong dominance of  . The 

Panter-Dite asymptotic constant is 
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Fig. 10. Characteristics of 
  and 

  and their 

asymptotes for the unit-variance B-G pdf 
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;   

Table 1. Asymptotic formulas for optimal quantizer for 
the unit-variance B-G pdf

 


  for the unit-variance  B-G  pdf.

4.2.3 Numerical Results and Discussion

Fig. 10 shows the characteristics of 
 and 

  

for the unit-variance  B-G  pdf and their 

corresponding asymptotic formulas listed in Table 1. 

The two sets of increasing graphs on the left 

subfigure are for : it is observed that the true 

value 
 is 1.00 at  and increases 

exponentially to 11,813 at  and the 

asymptotic formula is approximately within 1% or 

less from the true values at  or larger (the 

logarithmic values are much closer as shown in the 

figure), whereas the true value 
  is 1.732 at  

and increases more rapidly and exponentially to 

× at , and its formula 

underpredicts the values approximately by 13% from 

 to 16 but its logarithmic values are 

approximately 1% from those of the true values over 

 to 16, as reflected on the two virtually 

overlapping curves. The decreasing graphs at the 

bottom are for the values of 
 and 

 and their 

asymptotic formulas. The two formulas predict the 

true values with less than 2% error at  or 

larger.

The right subfigure compares the distortions and 

asymptotic constants. It is observed that 
  

rapidly converges to   , reaching it 

within 1% for ≥  and 
  to    

within 2% at  and 1% at ≥ . The rapid 

convergence of 
  is a pleasant surprise 

considering the situation of the  G-Γ pdfs in the 

previous subsection. The pattern of convergence of 


  is consistent with those of the  G-Γ pdfs. 

We conclude that for the B-G pdf 


≈


 for ≥,


 ≈


 for ≥.

4.3 The  H-N  PDFs
For the reason of technicality we assume 

throughout this subsection the  H-N  pdf has   

so that the Panter-Dite asymptotic constant exists 

and is finite. The unit-variance H-N pdf 

( ⋯) satisfies this assumption.

4.3.1 Optimal Uniform Quantizers

For a uniform quantizer 
  optimized for the  

H-N  pdf with parameter , the outermost threshold 
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 satisfies[7] 

   
  

 



 


 

where  


 ⋯ when 

 ⋯. Then the resulting   and  are 

found
[9] to be 

 
 




 
 




 


 ,

 
 







 


 



 


 .

The ratio 


 

 


  indicates 

that  is dominant but that its dominance is 

logarithmic.

4.3.2 Optimal Nonuniform Quantizers

For a nonuniform quantizer 
  optimized for the  

H-N density with parameter  , we use the 

differentiation method[8] to find the following 

outermost threshold: 

  
 





  





×








 

 

  

   


 








The formula states that  of 
  is 

asymptotically in the form of 
  

 
  

 

and grows exponential-exponentially with rate  .

For  of 
 , it can be shown that the first two 

terms of the Taylor series of  ≤≤ 

is given by  
, where  


 and 




, and then from (13) that 

 



 






 . (21)

We obtain from (15) the optimal outermost level 

 straightforwardly

  

 




and from applying (16) its asymptotic expression

   

 
, →∞.

Then we obtain for  

 
     





×   
  ,

 
  


 





   










×


















   

 












.

It is interesting to note for the unit-variance  H-N  

pdf ( ) that 
  is in the order of 

  





 and the ratio 
 

 
 

 is of 




, exhibiting that 
  is dominant and 

that its dominance is stronger than logarithmic but 

much weaker than linear in . This contrasts to the 

situation of uniform quantizers, in which case 


  is logarithmically dominant over 

 .

4.3.3 Numerical Results and Discussion

The left subfigure of Fig. 11 compares the 

thresholds  and  with their corresponding 

asymptotic formulas listed in Table 2. It is observed 

that 
 and 

 start at 0.9739 at  and, 

respectively, decreases to 0.0941 and increases to 

49,299 at  and, as   increases, they become 

bounded from below by the one- and from above by 

the two-term asymptotic formulas, both of which are 

approximately 20% below and 30 to 40% above the 

true values for  to 20, respectively. The right 

subfigure is for 
 and 

 , which start at 1.6597 at 

 and, respectively, decreases to 0.0055 and 

increases to × at , above which 

the design of quantizers has been numerically 

challenging.

Fig. 12 compares the distortions and asymptotic 
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Fig. 11. Optimal thresholds 
 , 

 , 
 , 

  for the 

unit-variance H-N pdf


 




 

  




 

  
 





 


 

  




 

  
  


 




 

 


 
 

 
 

 



 
 




 



;   

Table 2. Asymptotic formulas for optimal quantizers for 
the unit-variance H-N pdf

Fig. 12. Distortions 
 and 

  and their 

asymptotes for the unit-variance H-N pdf

formulas. It is observed that 
  

becomes to exceed   , is upperbounded 

by the two-term formula 
  . The 

 stay approximately at 65% of the true values 

for ≥ , while the two-term formula steadily 

decreases from 40% above the true value at  

to 22% at . The behavior of 
  is 

also shown against    with its value 

reaching 204.9914 at . As noted in Section 

II, Bucklew and Wise’s finite moment condition is 

not satisfied in the case of any  H-N  pdf, so the 

convergence of 
  to  has not yet been 

established rigorously.

We conclude from the observation that for 

≥ ,




≤
≤

 


  

and that for the studied bit range 


 ≪


.

Ⅴ. Concluding Remarks

Some key characteristics of optimal symmetric 

uniform and nonuniform quantizers for the 

generalized gamma, Bucklew-Gallagher, and 

Hui-Neuhoff density functions have been compared 

with their asymptotic formulas either available from 

the previous studies or newly derived in this paper. 

They include the inner- and outermost thresholds, 

and the inner, outer and total MSE distortions. It is 

a pleasant surprise to observe that the formulas for 

the Bucklew-Gallagher density are generally 

accurate, as in the case of the common generalized 

gamma densities (when more tolerance being 
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allowed for uniform quantizers for the usual gamma 

density). On the other hand, the formulas for the 

Hui-Neuhoff density do not enjoy the same accuracy 

at the studied rates but still seem suggestive of 

convergence, providing at the studied rates fairly 

reasonable bounds in the case of uniform quantizers 

and a still grossly loose bound in the nonuniform. 

This poor accuracy is attributed to a very heavy tail 

of the density, whose other manifestations include a 

challenge in numerical design of quantizers at high 

rates, and dominance reversal of the inner distortion 

in that it, while dominated by the outer distortion in 

the uniform quantizers, gains dominance in the 

nonuniform. A similar dominance shift occurs in a 

lesser degree to the Bucklew-Gallagher density, for 

which the inner distortion, equally important with 

the outer distortion in the uniform quantizers, 

becomes dominant in the nonuniform.

Also investigated is the uniqueness problem 

associated with the differentiation method for 

finding optimal step sizes of uniform quantizers. The 

method has been observed to yield unique solutions 

for the common generalized gamma, 

Bucklew-Gallagher, and Hui-Neuhoff densities, 

because the distortion function in such cases has a 

unique local minimum and furthermore, in many 

cases, is convex-U in the step size. In addition there 

have been found many generalized gamma densities 

whose distortion functions exhibit multiple local 

minimizers, the smallest among which, nevertheless, 

always seems to be globally optimal.

References

[1] S. Yoo and S. Y. Kim, “Conversion loss for 

the quantizer of GPS civil receiver in heavy 

wideband gaussian noise environments,” J. 

KICS, vol. 38A, no. 9, pp. 792-797, Sept. 

2013.

[2] D. Lee and W. Sung, “Adaptive quantization 

scheme for multi-level cell NAND flash 

memory,” J. KICS, vol. 38C, no. 6, pp. 540- 

549, Jun. 2013.

[3] B. Hong and W. Choi, “Distributed MIMO 

systems based on quantize-map-and-forward 

(QMF) relaying,” J. KICS, vol. 39A, no. 7, 

pp. 404-412, Jul. 2014.

[4] P. F. Panter and W. Dite, “Quantization 

distortion in pulse-count modulation with 

nonuniform spacing of levels,” in Proc. IRE, 

vol. 39, pp. 44-48, 1951.

[5] J. A. Bucklew and N. C. Gallagher, “Some 

properties of uniform step size quantizers,” 

IEEE Trans. Inf. Theory, vol. 26, pp. 610-613, 

1980.

[6] J. A. Bucklew and G. L. Wise, “Multi- 

dimensional asymptotic quantization theory 

with r th power distortion measures,” IEEE 

Trans. Inf. Theory, vol. 28, pp. 239-247, 1982.

[7] D. Hui and D. L. Neuhoff, “Asymptotic 

analysis of optimal fixed-rate uniform scalar 

quantization,” IEEE Trans. Inf. Theory, vol. 

47, pp. 957-977, 2001.

[8] S. Na and D. L. Neuhoff, “On the support of 

MSE-optimal, fixed-rate, scalar quantizers,” 

IEEE Trans. Inf. Theory, vol. 47, pp. 2972- 

2982, 2001.

[9] S. Na and D. L. Neuhoff, “Asymptotic MSE 

distortion of mismatched uniform scalar 

quantization,” IEEE Trans. Inf. Theory, vol. 

58, pp. 3169-3181, 2012.

[10] J. Rhee and S. Na, “Asymptotic characteristics 

of MSE-optimal scalar quantizers for 

generalized gamma sources,” J. KICS, vol. 37, 

no. 5, pp. 279-289, May 2012.

[11] S. P. Lloyd, “Least squares quantization in 

PCM,” IEEE Trans. Inf. Theory, vol. 28, pp. 

129-137, 1982.

[12] J. Max, “Quantizing for minimum distortion,” 

IRE Trans. Inf. Theory, vol. 46, pp. 7-12, 1960.

[13] E. W. Stacy, “A generalization of the gamma 

distribution,” Ann. Math. Stat., vol. 33, no. 3, 

pp. 1187-1192, Sept. 1962.

[14] F. W. J. Olver, Asymptotics and Special 

Functions, 2nd Ed., A K Peters/CRC Press, 

1997.

www.dbpia.co.kr



The Journal of Korean Institute of Communications and Information Sciences '15-07 Vol.40 No.07

1230

이 재 건 (Jagan Rhee)

1992년 : 아주  자공학 학사

1994년 : 아주  자공학 석사

2012년 : 아주  자공학 박사

나 상 신 (Sangsin Na)

1982년 : 서울  자공학 학사

1989년 : 미시간  기 자계산학 박사

1989년~1991년 : 네 라스카  기공학과 조교수

1991년~ 재 : 아주  자공학과 교수

www.dbpia.co.kr



Appendix

Table 3. Unit-variance Gaussian pdf   





Table 4. Unit-variance two-sided Rayleigh pdf    
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Table 5. Unit-variance Laplacian pdf   


 

Table 6. Unit-variance gamma pdf   
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Table 7. Unit-variance Bucklew-Gallagher pdf    


Table 8. Unit-variance Hui-Neuhoff pdf      


,    ,   
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