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On the Characteristics of MSE-Optimal Symmetric Scalar
Quantizers for the Generalized Gamma, Bucklew-Gallagher, and
Hui-Neuhoff Sources
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ABSTRACT

The paper studies characteristics of the minimum mean-square error symmetric scalar quantizers for the
generalized gamma, Bucklew-Gallagher and Hui-Neuhoff probability density functions. Toward this goal,
asymptotic formulas for the inner- and outermost thresholds, and distortion are derived herein for nonuniform
quantizers for the Bucklew-Gallagher and Hui-Neuhoff densities, parallelling the previous studies for the
generalized gamma density, and optimal uniform and nonuniform quantizers are designed numerically and their
characteristics tabulated for integer rates up to 20 and 16 bits, respectively, except for the Hui-Neuhoff density.
The assessed asymptotic formulas are found consistently more accurate as the rate increases, essentially making
their asymptotic convergence to true values numerically acceptable at the studied bit range, except for the
Hui-Neuhoff density, in which case they are still consistent and suggestive of convergence. Also investigated is
the uniqueness problem of the differentiation method for finding optimal step sizes of uniform quantizers: it is
observed that, for the commonly studied densities, the distortion has a unique local minimizer, hence showing
that the differentiation method yields the optimal step size, but also observed that it leads to multiple solutions

to numerous generalized gamma densities.

Key Words : scalar quantization, generalized gamma source, Bucklew-Gallagher source, Hui-Neuhoff source,
asymptotic formulas, MSE distortion

I. Introduction optimal (minimum MSE) quantizer. However, when
the number of levels is large, the high resolution
Quantization is an integral part of converting an quantization theory™"” has discovered approximation
analog signal to a digital form for further formulas that are increasingly accurate with more
processing, communication and/or storage, such as number of levels for some of such characteristics.
in a GPS systemm, a soft-decision error correction This paper extends in particular these two
system™ or a multiple antenna mobile system™. In studies”® % respectively, to nonuniform quantizers
such applications it is important to estimate the and to source probability density functions (pdfs)
performance and key characteristics of quantizers for with heavier tails; investigates the uniqueness
the system design and performance analysis. In problem of the differentiation approach” for finding
general without actual design it is difficult to optimal step sizes; and assesses accuracies of these
estimate accurately thresholds, quantization levels, formulas by comparing them with those of
and the mean-square error (MSE) distortion of an numerically designed quantizers.
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We focus on symmetric uniform and nonuniform
scalar quantizers with even number N=2K of
levels that are applied to symmetric pdfs, as
illustrated in Fig. 1, where only the nonnegative half
of the quantizer is labeled for the sake of simplicity
for thresholds z,---,x; with z,,,=0c0 and
quantization levels y,, -,y The word “symmetric”
is sometimes dropped because it is the only type
considered, although truly optimal quantizers may
not be symmetric.

The (total) MSE distortion D), of 2AK-level
symmetric quantizer applied to a source with
symmetric pdf p(z) can be thought to be the sum
of distortions from the inner region [—z,,7,] and
the outer region (—co,—z,)U(zyc0). The former
will be called the inner distortion [, and the latter
the outer distortion D,. These correspond essentially
to more commonly-known granular and overload
distortions, although they are slightly different. Then

p=23 [ eyl

k=1 Ty

:22 /-'l‘ﬁ‘(;L‘*’yk)?I)(:L')d;chQ‘/‘%(J;,ylc)Qp(w)(]w.

k=1 Ty

D; D,

(€]

The primary interest of the paper is the following
characteristics of optimal symmetric uniform and
nonuniform quantizers: (a) the nonzero innermost

threshold x, and level y, because these are an

indicator to how the quantizer treats small input

values; (b) the outermost threshold z ;- and level y,-

because they show how the quantizer treats large
input values; and (c) the inner, outer and total
distortions D;, D,

), and D, respectively.
The source densities considered for the study are:

(a) the generalized gamma pdf as a representative of

Y1 Y2 Y3 YK—-1 YK
| | 1| l ... } |

| I |
x1 :Iom z3 T4 TK—1 TK

TK+1 = 0

inner region outer region

Fig. 1. Nonnegative half of a symmetric scalar quantizer
under study
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light-tailed densities, to which the common
generalized gamma (the Gaussian, two-sided
Rayleigh, Laplacian, and usual gamma) pdfs belong;
(b) the Bucklew-Gallagher pdf as a heavy-tailed
density; and (c) the Hui-Neuhoff pdf as a very
heavy-tailed density.

The principal results of the paper include
asymptotic formulas for the characteristics that are
newly derived herein for nonuniform quantizers for
the Bucklew-Gallagher and Hui-Neuhoff pdfs,
parallelling those for the generalized gamma pdfs!”.
Overall the formulas are observed to be accurate for
the generalized gamma and Bucklew-Gallagher pdfs,
for example, in that the percent error of the
formulas for x, of uniform and nonuniform
quantizers is within 1% from true values for rate
R=1og,N> 12 bits, whereas, although those for

the Hui-Neuhoff pdf are not as accurate at studied
rates, they are still suggestive of consistent patterns
for convergence. For the accuracy assessment of the
formulas, optimal uniform quantizers are numerically
designed using direct minimization for integer & up
to 20 bits, extended from 16 bits''”, and nonuniform

quantizers using the Lloyd-Max algorithm"'"?

up to
16 except for the Hui-Neuhoff pdf, in which case
the maximum rate is 11, beyond which the design is
a challenge inviting much more care.

Also presented is an investigation on the
uniqueness problem of the differentiation method"”
for finding optimal step sizes of uniform quantizers.
It is found that, for the four common generalized
gamma, Bucklew-Gallagher, and Hui-Neuhoff pdfs,
D, is either convex-U in the step size or non-convex
but has a unique local (hence global) minimizer, and
therefore the differentiation method yields a unique
solution for all of them, but also that there exist
numerous generalized gamma pdfs for which the
differentiation method leads to multiple solutions,
the smallest among which, nevertheless, always
seems to be the optimal step size in the case of the
studied pdfs.

To the best of the authors’ knowledge the
formulas for optimal nonuniform quantizers for the
Bucklew-Gallagher and Hui-Neuhoff pdfs and the
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investigation on the uniqueness problem of the
differentiation method have not been previously
reported in the literature.

The rest of the paper is organized as follows.
Section II lists the source pdfs of interest, Section
III investigates the uniqueness problem associated
with the differentiation method for optimal step
sizes, Section IV studies asymptotic formulas for the
characteristics of optimal quantizers for various pdfs
and assesses accuracies of the formulas comparing
them with numerically designed quantizers, and
finally Section V concludes.

II. The Source Distributions
The probability density function of the

generalized gamma (G-I") distribution” is defined
as

BS+1
. o B~ Azl
plzienB,0) = 21_( 511 lz/’e 0))
«

where a>0, 6>—1, A>0, and

INz)= / e 't""'dt is the gamma function. The
0

1 . 1
G-I' pdf specializes to the Gaussian px;2,07F s
a
. . 1 .
two-sided Rayleigh 1)(:5;2,1,? s Laplacian
2 1 3
pl x;l,&i , and usual gamma p x;l,——,i s
o 2 20

where o is the standard deviation. The
Bucklew-Gallagher (B-G) pdf[S] is defined as

142

n(x; :72 — 2 (3)
P = e

where §> 0. It is symmetric about zero, unimodal,
and has unit variance when 0 = 1. The Hui-Neuhoff
(H-N) pdfm is defined as

G
(lzl+2)* [In (|z|+2)1° !

pla;s) = , 4)

where 6 > 0, the normalization constant Cj is given

1
b C=———""-—7, where
Y T PFIN(—6,Ind)

INa,z) = / z*“'e"'dt is the complementary

incomplete gamma function. It is also symmetric
about zero, unimodal, and has the unit variance and
C5 =3.46458 - -+ when 0=12.38636 -, all

numerically obtained.

The G-I' pdf has a light tail, the B-G heavy,
and the H-N very heavy. For the B-G and the
H-N pdfs, a smaller § implies a heavier tail and a
larger variance. The G-I' and B-G pdfs satisfy
Bucklew and Wise’s finite moment condition'® of

Thm. 2, ie., ElXPT] <o for some €>0, but
the H-N does not.

. The Unigueness Problem of the
Differentiation Method

The uniform quantizer studied in the paper is

specified by =z, =(k—1)A and yk:(k_é)ﬂ,

k=1,--- K, where A is the step size, the distance
between adjacent thresholds, which equals z,. In

such a case, the inner and outer distortions ), and

D, in (1) reduce respectively to

K—1 kA
pay [ -
k=1 (k—1)A

K— 7)A}2p(17)dm. 6)

We now investigate the uniqueness problem of
the differentiation method” for finding optimal step
sizes.

Designing an optimal uniform quantizer is
essentially finding optimal A that minimizes
D, =D;+D,. To do so, one would normally try the
ﬂ: 0 for A.
dA
This method, though probably the de facto standard,

in general does not yield the optimal step size

differentiation method, i.e., solve

directly but its candidate(s). However, in the

following it is shown that it yields a unique solution

1219
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in the case of the four common G-I, B-G, and
H-N pdfs: D, is convex-U in A in all the cases

except for the two-sided Rayleigh pdf.

3.1 On the Convexity of D,

Distortion D), of a uniform quantizer when
applied to a source with symmetric pdf p(z),
denoted D, (K;A) to show its explicit dependence

on A and A, can be rewritten as, for A > 2,

D, (KA) = Z/l]mx?p(x)dx—QA/Omxp(a:)dx o
K-

+—+4AZ / (z)dx

k=1

after rearrangement of integration intervals in the
summation in (5) and some manipulation, which
yields the following first and second derivatives with

respect to A:

D/ (K.2) :72/;1;7(.@”*

K—1
+4E/ (2kA—2)p(x)da,

k=1

®

D/ (K,A) = 7+4 E {Zk/kjp(x)dx* k"’Ap(kA)}. 9)

k=1

In the case of A=1, there are no summation
terms in (7)-(9).

As noted"”, since lim D, (K, 4) = ¢
A—0"
lim D, (&, 4) <0, and limD,(K,A) = oo, D,(K,A)
A—0" A—o0

achieves its global minimum in  (0,00).
Furthermore, if it is convex-U in A, the global
minimum is achieved at its unique local minimizer
A", which can be found by solving D, (K;A) =

for A. A sufficient condition for the U-convexity is
a positive second derivative, i.e., Dt" (K,A) >0 for
A > 0. Behaviors of Df” (K,A) for several values
of K are shown in Figs. 2 and 3 as representative
pdfs, where only relatively small values of A are

chosen for the plotting purpose. In general, for any
pdf D”(1,A)=—, and, as K increases, D,” (K,A)

develops a better-defined knee that forms at a

1220
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Fig. 2. Behavior of D/’(K,A) for the unit-variance
Gaussian pdf
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Fig. 3. Behavior of D/(KA) for the unit-variance
two-sided Rayleigh pdf

smaller A with the knee level approaching % Its

behavior depending on a specific pdf can be
classified into two cases, as discussed in the
following.

One case is when Dt” (K;A) >0 for each
K > 2, exhibiting that Q(KA) is convex-U for
each K. All the previously mentioned pdfs except
for the two-sided Rayleigh belong to this case,
including the Gaussian shown in Fig. 2. Based on
extensive observations (for A= 2,---,2000 and much
larger 2%° in some cases), it is conjectured that in
order to check for the positiveness of D,” (/;A) for
all K> 2, it is sufficient to check if min, D,"(2,4)

is positive. The reason is that, once D,” (2,4) >0

www.dbpia.co.kr
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Fig. 4. Behavior of D,(K,A) for the unit-variance
two-sided Rayleigh pdf

then it appears that Dt" (K,A) does not fall below
zero as K increases.

Another case is represented by the two-sided
Rayleigh pdf, for which Fig. 3 shows the minimum
of D (K,A) is negative around A= /2 (exactly
if A=2), implying the nonconvexity of D,(K,A).
However, D;(K,A) =0 has a unique solution, as

can be inferred from Fig. 4, which shows how
D,(K,A) behaves with A.

3.2 Further Investigation in the Case of G-
I' PDFs

Upon accepting the

min, D,"(2,4) >0 implies the convexity of D,(/;A)

conjecture that

for A=3,4,---, the unit-variance G-I' pdfs can be
classified into three groups: those for which
Dt(K,A) is convex-U and hence has a unique

global minimum; those for which it is not convex
but has a unique local (hence global) minimum; and
the rest for which it has multiple local minima. Fig.
5 shows the three regions defined by these groups,
where the thin-lined boundary between the convex
and the unioptimum regions is determined by the set
of (a,3) that satisfies numerically min AD/(2,4) =0,
that is Eq. (9) with A’=2 evaluated at its minimizer
1 1
A:{ﬁzg}a{ﬁggigfzg }2 and set to 0, and the
other boundary, thick-lined, by the set of («,3) for
which D, (2,A)=0 has (numerically observed)

.
6f B(6,6)
5
4

™3
2F
1t multiextrema region |
of ___1_1]_11_0|>r.i]11111u region |

mn\?}?ﬁﬁ)ﬁ T

1 2 3 4 ] 6 7
Fig. B. Three regions for the unit-variance G-I" pdfs

multiple solutions. Also shown in Fig. 5 are the
locations of the Gaussian G, Laplacian L, usual
gamma [ pdfs belonging to the convex region; and
the two-sided Rayleigh R to the unioptimum region.
Point A(2,3) is particularly notable as an example
of pdfs in the multiextrema region and the behavior
of its D,(K;A) is shown in Fig. 6, which clearly
shows multiple (two in this case) local minima for
K> 2, between which the smaller is the global
minimum. Although details are not given in the
paper, it is noted that the number of local minima
increases as « and [ increase, e.g., three local
minima are observed for B(6,6), among which the
global minimum is achieved at the smallest local
minimizer. As a comment we add that the convex
region is of course a subset of the unioptimum

region and we find it more convenient to check the

DK, A)

—
\

(53

[
T

A

Fig. 6. Behavior of D,(/;A) for unit-variance G-I'
pdf with =2 and =3
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convexity, if that is the case, than the unioptimality

because it requires less numerical search efforts.
IV. Characteristics of Optimal Quantizers

As mentioned in Section I, we focus on such
characteristics as x, and y,, z, and y,, and D,, D,

[10]

and D,. We follow the developed methodology

and summarize it below.

In the case of optimal NV-level uniform quantizers
Q,e, we use the approach by Hui and Neuhoff”' for

characterizing the asymptotic form of the outermost

threshold x,, from which optimal step size

A(=z,) can be obtained from A= and

i
K—1

. The formulas given in this section for the

A
1/1*?

G-[' pdf come directly from the previous
studies”’g’m]; the formulas for the B-G and H-N
densities are rederived” for additional terms.

Asymptotic formulas for distortions of Qy are
derived from the expressions[g] in Thm. 4:
D, =D(QY) =D (Q)+D,(QY), where

A? maf A*
D(QY) = E+ fo {Quz 72/u,A+—}p(u)du+RH,

3
(10)
4 “ 9 A
DU(QV):Q/ u?p(u)du—4 Tt — ) )/ up(u)du
+2(1K+1 A+ — ) plu)du,
(11)

2—2 Al fax
where |R)|< %/ ) (u)ldu

For optimal nonuniform quantizer @, we use the
formula from the previous study[gl for z, for the
G-I, and derive new formulas for the B-G and
H-N pdfs. An expression for optimal z, can be

heuristically found in terms of /V by following, e.g.,

aD(Q,)
the differentiation method™: solve T;Q\Zo for
2

x,, where D(Qy), ie., D, in (1), in order to show

1222

the dependence on x, explicitly, is rewritten as
D(QA\):2[/ (T*Jl dr+/ T*QW (z)dz

where y, is the optimal level of [0,z,), i.e.,

/ UI 2.1;p (z)dz
/ th(x)dr .

When the second integration term in the bracket

Y= (12

is approximated as a Panter-Dite formula-like

. . *
expression'®! for optimal @y, we have

2@ =2 oot i f o]

This approach is heuristic because, mstead of the
derivative of the original D(@Q,), that of the right

hand side of the above approximation expression is

used. For a specific p(z), since y, is given in (12),

. - dD(Qy) .
z, is the only unknown in I =0, which
"2
reduces to
e )=y [ PP @0, ay)

from which xz, can be found.
An asymptotic formula for D,(Qy), ie., D, in

(1), is provided by the Panter-Dite formula™

D.(Qy) = (2/ P e )dx)s(HoN(l)), (14)

1
1237
where the “little 0” o,(1) denotes a quantity that

vanishes as N—>co, ie., limoy(1)=0.
N—co

An asymptotic expression for D,(Qy), ie., D, in
(1), is obtained using the formula for optimal x  and

noting that y, is the optimal level of [z,,0), i..,

/ m ap(a)de

Y= (15)

/mp(m)dx

™
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Specific formulas for these characteristics are
given and discussed in the subsections that follow.

To assess the accuracies of the formulas, optimal
symmetric quantizers are designed and their
characteristics are tabulated in Tables 3-8: uniform
quantizers with integer rate /2 up to 20 bits are
designed with direct minimization (so the rate is
extended from 16 in the case of the common G-I
pdfs“o]); and nonuniform quantizers with up to 16
bits for the B-G  pdf with the Lloyd-Max
algorithm“"m and for the Hui-Neuhoff pdf up to 11
bits, beyond which the design has experienced a
numerical challenge. Overall the designed quantizers

[71

agree with those'” to the extent reported.

4.1 The G-I' PDFs

4.1.1 Optimal Uniform Quantizers Qg
The optimal outermost threshold z, for the G-I'

pdf is found following the method of the previous
papers”’gl and using the binomial series of
(1+u)" =1+ru+- for lu<1 and is quoted"” to

be:

QIHN)é( ¢ InlnV I
e A aln NV + aln NV
(1—a)& (Inln N)? +((i+ (1-a)qe ) lnlnN)
o (In V)? « o? (In V)? ’
where

20*(:’3*1 ]_(,3+1)
2 al|——
_ 2a—p—1 :—lln «
“a 220 227 2 3 :

Formulas for other quantities are obtained using
the above expression for x . For example, z,(= A)

is found from z,=(K—1)z, or

~7(211{1N):(1 G NV 6 1

2N T a N ol
(1=a)d (inln V)* (g’ (lﬂx)%)lnlnjv)
20% (In V) a o’ (In V)?

and distortion formulas (quoted from the work[lol):

9 2
A 1{2)\a InM° 2a0—F—1 Inln V
D’(QAL) x?(?) N? {17 o? In NV
240 2—«
D ( L:) xi 2 a (ln]\f)
0NN 3o\ A N2 4

CH‘V(InN)Q/" . 2761 Inln V
e a InNV

where the Hui-Neuhoff asymptotic constant C';, is

N D(QY 22/”‘([”1)
(In M 14(/3+3

QY =

defined as

Cyy = lim o’
N— o

after their discovery”!
Assuming the accuracy of the distortion formulas,

D,(Qy) 1

one can see that, as the ratio mwm

indicates, the inner distortion dominates the outer
distortion in the case of the optimal uniform

quantizer for the G-I" source.

4.1.2 Optimal Nonuniform Quantizers Q;,
For a symmetric quantizer Q*V optimized for the

G-I" pdf, the outermost threshold x, is found and
reported[sl as

6+3
1 In (31 ——
SInN)n 1— 3a—p3—3 lnlnN+ 3o 1
A 302 In N « InNJ

Ty~

Then from (15)

'{ﬁﬂ AIA) 11 1
1+
[ oA LI( O(IL'%' )}

)\l/a [ LO
[14]

using the asymptotic expansion : z—>00

F(a,z):efzz“71{1+ a;lerz_l(Z)}, (16)

where the “big O” O(f(z,)) denotes a quantity

“bounded” by f(x,), that is there exists a number
M>0 such that the quantity is bounded by
Mf(zy)| for all positive integer K. Other “big O”
notations are used in similar manners.

For optimal xz,, we use the expression for y,

from (12)

YW= 7Ta11 1\
1
)\1/%(%7)@3)

B+l { a\rg
(

— 2a
T g2t aT gt Daigry o)
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where 7(a,2) = / " 'e"“dr is the incomplete
0

gamma  function  with

o) =2 3 (1)

convergent series

s

and solve (13) to

slla+s)’
obtain
3 1 3
_(3 m(i); B+2 {B+3\|5+3
T2 = N A 2a 3a

X )1+ ; .
min(lsia)
N TB+3

Distortion expressions resulting from these are
found"” to be:

3 B+3
3(;3—a+3)/u F&(?)T

* 1
D. ) =
1(Q/\,) a2)\2/u l‘(ﬂ+1) Nz’
o

o[ +3
gli+d/e L AT307) 1
DO(Q\')*Wiaﬁa

a2\ j(ﬁﬂ) N
(0%

* Crp
D( QN) ~ F,
where the Panter-Dite asymptotic constant C, for
the G-I" pdf is given by
6+3
. ) . gB—a+3)/a F3(W )
= N°D(Qy) = .
Goo = LV =" FEEV
«
As in the case of uniform quantizers, the ratio
D,(Qy)

3 . .. . . .
————=~ — indicates that the inner distortion
D(Qy) N

dominates the outer distortion in the case of the G-

I' source.

4.1.3 Numerical Results and Discussion

Figs. 79 show the percent errors of the
asymptotic formulas for z,, x, and D(Q,,) for the
common unit-variance G-I" pdfs from the values in
Tables 3-6. In general they estimate the true values
with increasing accuracy with the rate.

At R=10 the formulas estimate x, and xj

within 0.5% error except Q5 for the usual gamma

pdf, in which case the percent error is 1.42%. At
R=12 they are all within 0.8%.
At R=10 the formulas for D(Q,) are within

2.5% error except for @\ for the usual gamma pdf,

1224

5 10 15 20
R

Fig. 7. Percent errors of EI‘ZL and T: for the common G-
I' pdfs.

15 WV

5 10 15 20
R

Fig. 8. Percent errors of x4 and ay for the common G-
I pdfs

)
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_1-— i
7 5 10 15 20
I

Fig. 9. Percent errors of the asymptotic formulas for
D(QY) and D(Qy,) for the common G-I' pdfs
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in which case the percent error is approximately
-13%. At R=16 they are approximately within 1%
except le,/ for the usual gamma pdf, in which case
the percent error is approximately -5.5%.

Based on these observations, we conclude
cautiously that the asymptotic formulas are accurate
for the pdfs under study with the exception of those

for uniform quantizers for the usual gamma pdf.
4.2 The B-G PDFs

4.2.1 Optimal Uniform Quantizers
For a uniform quantizer Qg optimized for the

B-G pdf with parameter J, the outermost threshold

. [7]
x4 satisfies

1+6

1
wli— 1+ (1+6\2+s 1 i 1
2+§ 3 NZ/(2+6) min(il) '
N 2467

Then, from z,=(K—1)A, we also have

1
7( 3 )m oy a7
Ty = N

3
xﬁA:Q(m

. 171+5(1+5
2+5\ 3

1
246 1
No’/(2+o') (18)

1
2+4 1 [ 1
—+ .
2/(2+6) . 4
N len(m.l)]}

For distortion D(Q\) for the B-G pdf p(x)

with parameter J, we have!”
D(Qy) =D, (Qy) +D,(Qy),

where

AQ

—ﬁ(l-i-O(Ai’)), 19)

(@)

D@D =515 TL)O(HO(%)) 20)

as A—oco and A—oo, where the outermost
threshold x,=(A—1)A. Then substituting (17)

and (18) for z, and A, respectively, in (19) and

(20) and manipulating terms yield

1

1 246 1 1
Uy —
Di (Q\) - ( 35(1+5)2 ) NQJ/(2+«S) {1+ C{Nm;f;.z) J}’

1
2 1 240 1 1
DO(Q$5:§(35(1+5)2)2 §N26/(2+6){1+C£ 2 J}

N2+§

from which we obtain the following asymptotic

expression:

ey 1
D(Q”v_(H 6)(3"'(1+5)2

1 1
XN {1+O( min(25,2) ]}
N 2446

As reported already””, D, and D, are of the

same order in /V and neither dominates. Asymptotic
formulas corresponding to the unit variance are
obtained with 6 =1 and listed in Table 1, where the

Hui-Neuhoff asymptotic constant
1 3 3 3
3 3

4.2.2 Optimal Nonuniform Quantizers
For a nonuniform quantizer Qi optimized for the

B-G  density with parameter ¢, the outermost
threshold x ;- and threshold z, are derived following

the procedure described at the beginning of this
section:

:pigyNﬂH%H®iﬁ,

5=\ 3(1+9) 5 N
61 0+3 1 1
. . . (2+8)z,+1
It is straightforward to obtain Y= 511

from (15). These xz, and y, yield formulas for
D(Qy) and D,(Qy) from (14) and (1),

respectively:

o 900+2) 1

D(Qy)= 5 F{H()N(U},
3D+ 1

D,(Qy) = 5 W {1+o0,(1)}.

Unlike the uniform case, the ratio D./D, from

the above expressions is in the order of N,
exhibiting a strong dominance of 1), The
constant is

Panter-Dite asymptotic
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Cpop = 9(5;2) =27 for the unit-variance B-G pdf.

4.2.3 Numerical Results and Discussion

Fig. 10 shows the characteristics of QY and Q)
for the unit-variance B-G pdf and their
corresponding asymptotic formulas listed in Table 1.
The two sets of increasing graphs on the left
subfigure are for z,: it is observed that the true

value zY is 100 at R=2 and increases

exponentially to 11,813 at R=20 and the
asymptotic formula is approximately within 1% or
less from the true values at =11 or larger (the
logarithmic values are much closer as shown in the
figure), whereas the true value zj( is 1.732 at =2
and increases more rapidly and exponentially to
1.486> 10" at

underpredicts the values approximately by 13% from

R=16, and its formula

R=7 to 16 but its logarithmic values are
approximately 1% from those of the true values over
R=5 to 16, as reflected on the two virtually
overlapping curves. The decreasing graphs at the

bottom are for the values of x. and x; and their

asymptotic formulas. The two formulas predict the
true values with less than 2% error at =9 or
larger.

The right subfigure compares the distortions and

10 : 0’ .
—+— estimate —+— estimate
—&— true value —&— true value

Cpp

10 ,

1w 10'

lnﬂ

10~

0 10 20
R

Fig. 10. Characteristics of QY and @, and their
asymptotes for the unit-variance B-G pdf
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Table 1. Asymptotic formulas for optimal quantizer for
the unit-variance B-G pdf

Q\Lz l,lf ) i 1/3 1 - g 4/3 1
2 2 N3 3 N2/3
x} (§)|/3N2/3(17(2)4/3 1/ )
K 2 3 N’_)S
1\ 1
%
1 1/3 1

U

n@) L) L
Ol 1 1/3

U HN | _ _
D(QY) T Cmf?,(ﬁ) =1.3103
* 6 4

QV ZL‘2 7\7(1_7\7

* N3 6\
i (5]

. 27
D(Qy) s

" 162
D@y

D(Q;) R Cpp =21

asymptotic constants. It is observed that NY 3D( QAL)
rapidly converges to (), =1.3103, reaching it
within 1% for R >4 and N’D(Qy) to Cpp=27
within 2% at =9 and 1% at /2> 10. The rapid
convergence of D QAQ) is a pleasant surprise
considering the situation of the G-I" pdfs in the
previous subsection. The pattern of convergence of
D( Q;) is consistent with those of the G-I" pdfs.
We conclude that for the B-G pdf
HN

G,
D(Qéj)xw for R24,

G
D(Q\,)x% for R=> 10.

43 The H-N PDFs

For the reason of technicality we assume
throughout this subsection the H-N pdf has 6 > 2
so that the Panter-Dite asymptotic constant exists
and is finite. The unit-variance H-N pdf
(6=2.38636 ---) satisfies this assumption.

4.3.1 Optimal Uniform Quantizers
For a uniform quantizer QY optimized for the

H-N pdf with parameter §, the outermost threshold

www.dbpia.co.kr
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v~ [T
Ty satisfies!”’

o 3CZ>'N {1+(1+6)2111111N+ 1 )}

KT ()02 2 | N m)J
1

where G = =3.46458---  when

2771 N(~6,2In2)
0=12.38636 ---. Then the resulting [, and D), are

found” to be

o A*
D,»(Q/v)zﬁ(lJr o(4))
_ G {1 (140 mn &V | 1 )}
B (InN)' 9 2 InV InN/)?
o 2G 1
D(Q)="L——(1+0,(1
l,(Q\) 5 111(2+];A,)0( OAv( ))
_ 2G; { §(1+6) Inln NV 1 )}
T V)’ 2 IV InN/J
D,(QY
The ratio ° Q\L :élnN(l-‘roN(l)) indicates
D(Qy) 2

that D is dominant but that its dominance is

logarithmic.

4.3.2 Optimal Nonuniform Quantizers
For a nonuniform quantizer Q:, optimized for the

H-N density with parameter 6>2, we use the
differentiation method™ to find the following
outermost threshold:

s=2\rir, EE
1n(2+x,{):(?) (In2)°+t yott
3 3ln2 FE=1 1
n 6+1
X{”(m [325)"" e (”"N“”}
The formula states that z, of @ is
. . (u\”‘;/ 6+1) (Q:u?/ 6+1)
asymptotically in the form of e =e

and grows exponential-exponentially with rate 7.
For x, of Qy, it can be shown that the first two

terms of the Taylor series of y;, = Elzl0 < X < z,]

. . : 1
is given by ax,+brl, where a=- and

2
6+1+In2
b 77W’ and then from (13) that
12In2 1 3ln2+5—6 1 1
2T Tv{ T Nt ﬁ)} @

We obtain from (15) the optimal outermost level
Yy straightforwardly

1 I'(— (57111(24».771())
U™ o T(—62m(2+2,))

and from applying (16) its asymptotic expression

oy 1) (54 1)
Y =2(xp+1 + ln(2+xK) , T,
Then we obtain for § > 2
. 18 G 1
p(O)=—n -
I(QA) (5—2)*(In2)° 2 N2

X {1+ O(W)M{V(U},

. 2G; 1
D"(Qf\'): 5—2 30 s(5—2) 30
5(%)5“ (n2) o1 N

1
<1+ min (3,6 —2) ‘
N §+1

It is interesting to note for the unit-variance H-N
pdf (§=2.3863) that D,(Q,) is in the order of

1 1 D,(Qy)
————=———and the ratio = is of
N315((5+ 1) N2.1141 Z)I (QJ\/)

1 e . .

— 7> exhibiting that D.(Qy) is dominant and

that its dominance is stronger than logarithmic but
much weaker than linear in /V. This contrasts to the
situation of uniform quantizers, in which case

D,(Qy) is logarithmically dominant over D,(Qy).

4.3.3 Numerical Results and Discussion

The left subfigure of Fig. 11 compares the
thresholds x, and x, with their corresponding
asymptotic formulas listed in Table 2. It is observed
that = and z start at 09739 at R=2 and,
respectively, decreases to 0.0941 and increases to
49,299 at #=20 and, as R increases, they become
bounded from below by the one- and from above by
the two-term asymptotic formulas, both of which are
approximately 20% below and 30 to 40% above the
true values for =13 to 20, respectively. The right
subfigure is for x, and a, which start at 1.6597 at
R=2 and, respectively, decreases to 0.0055 and
increases to 1.507x 10" at =11, above which
the design of quantizers has been numerically
challenging.

Fig. 12 compares the distortions and asymptotic

12217
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—— eslimale
—&— true value

—+— ¢stimate
—&—true value

Wy

e

Fig. 11. Optimal thresholds =Y, z,, z¥, 2} for the

unit-variance H-N pdf

Table 2. Asymptotic formulas for optimal quantizers for
the unit-variance H-N pdf

U gU 44 Inln NV
Qv o %(1+2.86€9 v )
A

U 2239N Inln N
oy 7(13 N)?’lgﬁw (1+2‘8669 e )
V)L 6952
D.(QY 3.4646
(ln N)3.38G4
U
D,(Qy T 2;;;3?864 (1+4‘0405 hll:}v]v )
n -
D(QY Cyv
() — ,(1+4.0405IH1HN )
(In 2v)*3864 In vV
Cyyp = 2:9036
Qv ™ 21.5284(1+12.1468)
) N N
In(2+z) 8859 1.0735
&) 0.1561N° (1+ pr
D.(Qy) 1245.7609
D,(Qy) 244.3943
) N2
D(Qy) Crop

7 Cop = 12457609

formulas. It is observed that (InV)’D( QAL,
becomes to exceed C=2.9036, is upperbounded

Inln V

Ak The

by the two-term formula Cj;,{1+4.0405

Cyy stay approximately at 65% of the true values

for R > 10, while the two-term formula steadily

decreases from 40% above the true value at =10

1228

10" :
Cpp = 1245.76
10° K
10° b :
= luln ¥
10' I / Cawvll + 41““”?) ]
T r— ros v.s ~
0 ;
10 Clyy = 2.9
Hin NP D(QY) —+— estimate
B —&— truc value
10 = - -
1] 5 10 15 20
R

Fig. 12. Distortions D(QY) and D(Q,) and their
asymptotes for the unit-variance H-N pdf

to 22% at R =20. The behavior of NQD( Q;) is
also shown against Cp, =1245.7609 with its value
reaching 204.9914 at R=11. As noted in Section
II, Bucklew and Wise’s finite moment condition is
not satisfied in the case of any H-N pdf, so the
convergence of N2D(Qy) to Cjy, has not yet been
established rigorously.

We conclude from the observation that for

R>5,
CHAV_ = D(QY) < CHN(; {1 o(6+1) lnlnN}
(InN)° . (In V) 2 In NV

and that for the studied bit range

* CPD
D(@y) < SR

V. Concluding Remarks

Some key characteristics of optimal symmetric
uniform and nonuniform quantizers for the
generalized  gamma, Bucklew-Gallagher, and
Hui-Neuhoff density functions have been compared
with their asymptotic formulas either available from
the previous studies or newly derived in this paper.
They include the inner- and outermost thresholds,
and the inner, outer and total MSE distortions. It is
a pleasant surprise to observe that the formulas for
the Bucklew-Gallagher density are generally
accurate, as in the case of the common generalized

gamma densities (when more tolerance being

www.dbpia.co.kr
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allowed for uniform quantizers for the usual gamma
density). On the other hand, the formulas for the
Hui-Neuhoff density do not enjoy the same accuracy
at the studied rates but still seem suggestive of
convergence, providing at the studied rates fairly
reasonable bounds in the case of uniform quantizers
and a still grossly loose bound in the nonuniform.
This poor accuracy is attributed to a very heavy tail
of the density, whose other manifestations include a
challenge in numerical design of quantizers at high
rates, and dominance reversal of the inner distortion
in that it, while dominated by the outer distortion in
the uniform quantizers, gains dominance in the
nonuniform. A similar dominance shift occurs in a
lesser degree to the Bucklew-Gallagher density, for
which the inner distortion, equally important with
the outer distortion in the uniform quantizers,
becomes dominant in the nonuniform.

Also investigated is the uniqueness problem
associated with the differentiation method for
finding optimal step sizes of uniform quantizers. The
method has been observed to yield unique solutions
for the
Bucklew-Gallagher,

common
and Hui-Neuhoff densities,

generalized gamma,
because the distortion function in such cases has a
unique local minimum and furthermore, in many
cases, is convex-U in the step size. In addition there
have been found many generalized gamma densities
whose distortion functions exhibit multiple local
minimizers, the smallest among which, nevertheless,

always seems to be globally optimal.
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Appendix
L oY
Table 3. Unit-variance Gaussian pdf p(z)=—=—e¢ ?
V2T
[ [ R ] z2 [ y1 [ T I vk [ Dy [ Dy I Do [

1 7.079 x 10| 0.000 x 107 7.979 x 10| 3.634 x 101 0.000 x 107 3.634 x 10|

2 0.957 x 10! 1.078 x 10 ' 0.057 x 10T 1.494 x 107 1.188 x 10! 5.484 x 10—~ 6.401 x 10~

3 5.860 x 10 ! 2.930 x 10 T 1.758 x 107 2.051 x 107 3.744 x 10 - 2.627 x 10~ 2 1.117 x 10~

4 3.352 x 107! 1.676 x 10~ © 2.346 x 107 2.514 x 107 1.154 x 10~ 0.182 x 10~ 2.361 x 10~ °

5 1.881 x 10 1 9.407 x 10 2.822 x 107 2.016 x 107 3.495 x 10 2.035 x 10— 5.507 x 10 *

6 1.041 x 10T 5.203 X 10— 3.226 x 107 3.278 x 107 1.040 x 10 9.013 x 10~ * 1.388 x 10 *

7 | 5687 x 10~ 7 | 2.843 x 10~ 3.583 x 107 3.611 x 107 3.043 x 107 2.694 x 10~ © 3.493 x 10~°

S | 3.076 x 10 2 | 1.538 x 10 3.907 x 107 3.922 x 107 8.760 x 10 ° 7.885 x 10 ° 8.833 x 10 ©

oY 9 1.650 x 10~ % | 8.240 x 10~ ° 4.207 x 107 4.215 x 107 2.492 x 107 2.268 x 10~ ° 2.235 x 10°°
N 10 | 8.785 x 10 4.303 x 4.489 x 107 4.494 x 107 6.997 x 10 ° 6.432 x 10~ © 5.650 x 10 °
11 | 4.650 x 10~ 2.325 x 4.757 x 107 4.759 x 107 1.044 x 10~ ° 1.802 x 10~ ° 1.427 x 10~ 7

12 | 2.448 x 10 1.224 x 5.012 x 107 5.013 x 107 5.355 x 10 4996 x 10 3.508 x 10

13 | 1.284x 10 6.418 x 5.256 x 107 5.257 x 107 1.464 x 10" 1.373 % 10 9.062 x 10 °

14 | 6.705 x 107 | 3.352 x 5.492 x 107 5.492 x 107 3.974 x 10 3.746 x 10 2.281 x 107
15 | 3491 x 10 ¥ | 1.745 x 5719 % 107 5.710 % 107 1.073 x 10 1.015 x 10 5734 x 10 1V
16 | 1.812 x 10~ 7 [ 9.061 x 5.938 x 107 5.038 x 107 2.881 x 107 2.737 x 10" 1.441 x 10~ 7
17 | 9.386 x 10 ° 1.603 x 6.151 x 107 6.151 x 107 7.703 x 1010 7.341 x 10 10 [ 3618 x 10 1T
18 [ 4.850 x 107 ° [ 2.425 x 6.357 x 107 6.357 x 107 2.051 x 10~ 1.960 x 10— ™ | 9.085 x 10 %
19 | 2502 x 10 ° 1.251 x 6.558 x 107 6.558 x 107 5.444 x 10 T 5.216 x 10 1T 2.278 x 10 172

20 | 1.288 x 10 ° | 6.441 x 6.754 x 107 6.754 x 107 1.440 x 10~ T 1.383x 10 "1 | 5721 x 10!

1 7.979 x 0.000 x 107 [ 7.979x 10~ | 3634 x 10~ T 0.000 x 107 3.63d x 10~ T

2 9.816 x 10 ! 4.528 x 9.816 x 10 T 1.510 x 107 1.175 x 10 T 5.181 x 10 2 6.567 x 10

3 [ 5005x10 ' | 2451 x1 1.748 x 107 2.152 x 107 3.455 x 10~ 2.404 x 102 1.051 x 10

4 2.582 x 10 ! 1.284 x 2.401 x 107 2.733 x 107 10— 7.974 x 10— 1.527 x 10~

5 1.320 x 10! 6.580 x 2.976 x 107 3.261 x 107 10— 2.206 x 10— 2.083 x 10— 7

6 6.684 x 107 | 3.341 x 3.492 x 107 3.744 x 107 107 6.160 x 10_* 2.735 x 10 °

. 7 | 3.366 x 10 2 | 1.683 x 3.962 x 107 4,190 x 107 10 7 1.600 x 10 * 3.515 % 10 ©
QN 5 | 1689 x 10 2 | 8446 x 10~ 4.395 x 107 4.604 x 107 10 ° 4.074 x 10~ 4.463 x 10"

9 | 8.463 x 10 1231 x 10 ° 4,797 x 107 1,991 x 107 10 0 1.028 x 10 © 5.630 x 10

10 | 4.236 x 10~ 2.118 x 10~ 5.174 x 107 5.355 x 107 i0°° 2.582 x 10~ ° 7.078 x 10~ 7
11 | 2.119 x 10 1.059 x 10 ° 5.520 x 107 5.700 x 107 107 6.471 x 10— 8.883 x 10 1V
12 | 1.060 x 10— 5.208 x 10~ * 5.866 x 107 6.028 x 107 10~ " 1.620 x 10~ 1111 x 10~ 17
13 | 5209 x 10 T | 2,650 x 10 _~* 6.186 x 107 6.340 x 107 4.053 x 10 4.052 x 10~ 1.401 x 10 T
14 | 2.650 x 107 1.325 x 10 ¢ 6.496 x 107 6.644 x 107 1.013 x 10— 1.013 x 10— 1.721 x 10~ 12

15 [ 1.325 x 10 [ 6.625 x 10" 6.799 x 107 6.943 x 10 2.534 x 10~ 2.533 x 10 7 2.034 x 10"
16 | 6.630 x 10 ° | 3315 x 10 © 7.003 x 107 7.236 x 107 6.334 x 10 ° | 6.334x 10 'V | 2.3d5 x 10 17

Table 4. Unit-variance two-sided Rayleigh pdf p(z)= lzle

[ [ B ] > [ 1 [ Tk [ VK [ Dy [ D; [ Do I
1 8.862 x 10~ 1 0.000 x 107 8.862 x 10| 2.146 x 10~ ! 0.000 x 107 2.146 x 10~ !
2 8.946 x 10~ T | 4473 x 10~ T | 8.946 x 10~ T 1.342 x 107 8.001 x 10— 2 3.137 x 107 4.954 x 10— 2
3 4.955 x 10" 2.478 x 10! 1.487 x 107 1.734 x 107 2.499 x 10 1.774 x 10_ 7.243 x 10
4 2.747 x 10~ ¢ 1.374 x 101 1.923 x 107 2.061 x 107 7.464 x 10— 2 6.007 x 10— 1.367 x 10—°
5 1.510 x 10" 7.552 x 10 2.266 x 107 2.341 x 107 2.197 x 10~ 1.887 x 10 3.008 x 10"
6 8.228 x 10~ > 10~ 2.551 x 107 2.502 x 109 6.382 x 10~ 7 5.630 x 10— 7 7.520 x 10—~
7 4.444 x 10~ x 10— 2.709 x 107 2.822 x 107 1.832 x 10 1.645 x 10 * 1.869 x 10~ °
8§ | 2381 x10° % x 10~ 3.024 x 107 3.036 x 107 511937 10> 4.725 x 10 ° 4.684 x 10 °
ol 9 1.267 x 10 X102 3.232 x 107 3.238 x 107 1.456 x 10 1.338x 10 © Lelnn X0 o
2 10 | 6.705 x 10— x 10— 3.426 x 107 3.430 x 107 4.042 x 10 ° 3.747 x 10 ° 2.950 x 10’
11 | 3.520 x 10— x 103 3.611 x 107 3.612 x 107 1.112 x 10~ ° 1.038 x 10 © 7.438 x 10—
12 | 1.850 x 10 x 10~ 2 3.787 x 107 3.787 x 107 3.038 x 10" 2.851 x 10 1.860 x 10
13 | 9.658 x 10— % x 101 3.955 x 107 3.956 x 107 8.243 x 10— 704 % 10— 4.602 x 10— 7
14 | 5.027 x 10 * x 10 * 4.117 x 107 4.118 x 107 2.223 x 10— 2.106 x 10 1.178 x 107
15 | 2.609 x 10— 1 % 10T 4.274 x 107 4.274 x 109 5.967 x 10— Y 5.672x 10" ° 2.954 x 10~ 17
16 | 1.351 x 10 7 x10—° 4.426 x 100 4.426 x 107 1.504 x 10 ° 1.520 x 10 © 7.400 x 10 1T
17 | 6.977 x 107 ° x 10~ ° 4.573 x 107 4.573 x 107 4.243 x 10~ ™7 [ 4,057 x 10~ 17 [ 1.857 x 10~ !
18 | 3.598 x 10~ ° x 105 4.715 x 100 4.715 x 109 1.125 x 10~ 10 1.079 x 10~ 10 [ 4.655 x 1012
19 | 1.852x 10 ° x 10 ° 4.854 x 107 4.854 x 107 2.974 x 10 '" | 2.858 x 10_'" [ 1.167 x 10 '*
20 | 9.517 x 10— ° x 10~ ° 4.990 x 107 4.990 x 107 7.840 x 10~ 2 | 7.548x 10 1% [ 2.925 x 10T
1 x 101 0.000 x 10° ] 8.862x 10T | 2.146 x 10! 0.000 x 107 2.146 x 10T
2 9.721 x 10" eI 0.721 x 10! 1.358 x 107 7.315 X 10~ 3.386 x 10~ 3.920 x 10
3 | 5811 x107! *x 10~ 7 1.504 x 109 1.788 x 107 2.236 x 10~ ° 1574 x 10— 7 6.623 x 10~7
1 3.530 x 10" T 1.051 x 107 2.182 x 107 6.306 < 10— 5.308 x 10— 0.982 x 10" *
5 2.134 x 10~ ¢ »x 10~ T 2.346 x 107 2.544 x 10Y 1.687 x 10— 2 1.547 x 10— 1.301 x 10— 7%
6 1.282 x 10 ° % 10— 2.702 x 107 2.876 x 107 4.373 x 10T 4188 x 10_* 1.849 x 10—~
. 7 | 7.669 x 10”2 x 10— 3.026 x 107 3.184 x 107 1.114 x 107 1.090 x 107 2,301 x 10 °
Qn 8 4.575 x 10— 2 x 102 3.325 x 107 3.470 x 107 2.813 x 10~ ° 2.782 x 100 3.046 x 107
9 2.725 x 10— x 10— 3.604 x 107 3.738 x 107 7.068 x 10_° 7.020 x 10 ° 3.848 x 10
10 | 1.622 x 107 x 102 3.865 x 107 3.990 x 107 1.771 % 10~ 8 1.767 x 10 © 4.842x 10~ 7
11 | 9.648 x 10— x 10 4.111 x 107 4.229 x 107 4.434 x 10" 4.428 x 10 BIOTT % 10,
12 | 5.738 x 10— x 102 4.345 x 107 4.457 x 107 1.109 x 10~ " 1.108 x 10— 7.620 x 10— 11
13 | 3412 x 10 x 10~ 4.568 x 107 4.675 x 107 2.774 x 10 22 X 10— 9.536 x 10 !
14 | 2.020 x 10~ 1.353 x 103 4.781 x 107 4.884 x 109 6.936 x 10~ Y 6.935 x 10— Y 1.103 x 10" 1%
15 | 1.206 x 10— 8.043 x 10 7 4.987 x 107 5.085 x 10 1.734 x 10 ° 1.734 x 10 © 1.482 x 10T
16 | 7.174 x 10~* | 4.783 x 10__ 5.184 x 107 5.280 x 107 4.336 x 10 "7 | 4.335x 10_'" [ 1.844x 10 '*
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Table 5. Unit-variance Laplacian pdf p(z)= - V2l
V2
[ [ B ] z2 [ y1 [ T [ UK [ Dy I D; I Do

1 7.071 x 10" [ 0.000 x 107 | 7.071 x 10" 5.000 x 10T 0.000 x 107 5.000 x 10 ©

2 1.087 x 107 5.437 x 10T 1.087 x 107 1.631 x 107 1.063 x 10— T 8.314 x 10~ 2 1.132 x 10 T

3 7.300 x 10~ " | 3.655 x 10 | 2.193 x 10" 2.558 x 107 7.175 x 10 4.400 x 10~ 2.775 x 10

4 4.610 x 10~ T | 2.305 x 10~ | 3.227 x 10" 3.457 x 107 2.535 x 10— 2 1.777 x 102 7.580 x 10—

5 2.800 x 10~ T 1.400 x 10— % | 4.200 x 10V 4.340 x 107 8.713 x 10— % 6.550 x 10— 2.164 x 10— 7

6 1.657 x 10! 8.284 x 10 5.136 x 107 5.210 x 107 2.013 x 10 2.290 x 10~ 6.233 x 10_*

7 9.610 x 10—Z | 4.805 x 10— 6.054 x 107 6.102 x 107 9.486 x 10— % 7.600 x 10— 7 1.787 x 10— 7

8 5.484 x 10_~© 2.742 x 10 6.965 x 107 6.093 x 107 3.014 x 10__* 2.507 x 10 * 5.072 x 10 °

Q¥ 9 [ 3088 x 10 % | 1.544 x 10— 7.875 x 10V 7.801 x 10V 9.373 x 10—~ 7.948 x 10— ° 1,425 x 10— °
N 710 [ 1720 x 10 2 | 8.508 x 10 8,787 x 107 8796 x 107 2.860 x 10 ° 2.464 x 10 _° 3,962 x 10 ©
11 [ 9.484 x 10— 4.742 x 107 | 9.702 x 107 9.707 x 107 8.587 x 10— ° 7.495 x 10—° 1.092 x 10—°

12 | 5.180 x 10— 2.504 x 10 ° 1.062 x 10T 1.062 x 107 2.542 x 10 ° 2.243 x 10 ° 2.986 x 10_'

13 | 2.819 x 10~ 1.409 x 10~ 7 | 1.154 x 107 1.155 x 1071 7.433 x 10~ 7 6.622 x 10~ 8,112 x 10~

14 | 1.522 x 10 7612 x 10 7 | 1.247 x 107 1.247 x 107 2.151 x 10 7 1.031 x 10 2,190 x 10

15 [ 8179 x 10~ % [ 4.000 x 107 1.340 x 10" 1.340 x 10° 6.163 x 10~ 5.575 x 10~ 5.884 x 107

16 | 4.374 x 10 7 2.187 x 10 7 1.433 x 107 1.433 x 107 1.752 x 10 1.504 x 10 1.573 x 10 9
17 [ 2.330 x 10~ 7 1.165 x 107 1.527 x 10" 1.527 x 101 4.042 x 10_ 7 4.528 x 10~ 7 4.190 x 10~
18 1.236 x 10 7T 6.182 x 10 ° 1.621 x 107 1.621 x 107 1.385 x 10 ° 1.274 x 10 ° 1.112 x 10 10
10 [ 6541 x 10~ ° [ 3271 x 10~ 1.715 x 10" 1.715 x 101 3.860 x 10~ " [ 3,566 x 10~ ™™ | 2.940 x 10~ T

20 [ 3.450 x 10 ° [ 1.725 x 10 ° | 1.809 x 107 1.809 x 107 1.070 x 10 "7 ]79.921x 10 "' | 7.754 x 10!

1 7.071 x 10~ T [ 0.000 x 10° | 7.071 x 10~ T 5.000 x 10~ ! 0.000 x 107 5.000 x 10~ T

2 1.127 x 107 4108 x 10~ T 1.127 x 107 1.834 x 107 1.762 x 10~ T 7.460 x 10~ 7 1.016 x 10T

3 5.332 x 10 ! 2.334 x 10 T 2.380 x 107 3.087 x 107 5.448 x 10_° 3.720 x 10~ 1.728 x 10

4 2.644 x 10~ T 1.240 x 10~ 1 | 3.724 x 10 4.431 x 107 1.537 x 102 1.279 x 102 2.581 x 10—

5 1.322 x 10! 6.405 x 10_ 5.126 x 107 5.833 x 107 4.102 x 10 3.747 x 10 3.554 x 10 _*

6 6.618 x 10~ 2 | 3.257 x 10— 6.560 x 107 7.268 x 107 1.061 x 10— 1.014 x 10— 4.673 x 107

. 7 3.311 x 10~ 1.643 x 10 8.013 x 107 8.720 x 107 2.699 x 10 * 2.630 x 10_* 5.005 x 10_°
QN 8 1.656 x 102 | 8.250 x 10 ° | 9.474 x 107 1.018 x 107 6.806 x 10— 7 6.730 x 107 7.503 x 107
9 [ 828 x 10 4.134 x 10 1.004 x 107 1.165 x 107 1.700 x 10 _° 1.609 x 10 ° 0.554 x 10

10 [ 4.143 x 10— 2.069 x 10— 2 1.241 x 107 1.311 x 107 4.282 x 10~ ° 4.270 x 10~ ° 1.108 x 10—

11 | 2.071 x 10— 1.035 x 10— 2 1.388 x 10T 1.458 x 10% 1.072 x 10— ° 1.070 x 10—° 1.500 x 10— 7
12 | 1.036 x 10— 5.178 x 10~ T | 1.535 x 107 1.605 x 107 2.681 x 10" 2.679 x 10~ 1.875 x 10~ 1V
13 | 5179 x 10~ 7 2.580 x 101 1.682 x 107 1.753 x 100 6.704 x 10— 6.701 x 10~ 2.334 x 10— 1T

14 | 2.580 x 10~ * 1.205 x 10__* 1.830 x 107 1.901 x 107 1.676 x 10 1.676 x 10 2.800 x 10!
15 1.205 x 10~ 7 6.474 x 10— ° 1.070 x 107 2.039 x 10° 4.191 x 10— 7 4.190 x 107 3.962 x 10— 1%
16 | 6.476 x 10 ° 3.238 x 10_° 2.136 x 107 2.211 x 107 1.048 x 107 1.048 x 107 3.817 x 10_ %
. S
Table 6. Unit-variance gamma pdf p(z)= —=——¢ °
2/ 27zl
[ [ ® ] w3 I vl I = K [ K [ Dy I D I Do

1 5.774 x 10~ [ 0.000 % 10" [ 5774 % 10°T | 6.667 x 1071 0.000 x 107 6.667 x 1071

2 1.066 x 107 5.330 x 10 T 1.066 x 107 1.599 x 107 3.200 x 10! 1.215 x 10 T 1.085 x 10 T

3 7.057 x 10~ ° 3.970 x 10~ T | 2.387 x 10 2.785 x 107 1.323 x 10! 7.150 x 10—~ 6.083 x 10—

4 5.400 x 10T 2.700 x 10— T 3.780 x 107 4.050 x 109 5.008 x 10 3.101 x 10 ° 1.817 x 10 -

5 3.450 x 10~ 1 1.730 x 10~ | 5.180 x 107 5.362 x 107 1.784 x 10~ 1.251 x 10—~ 5.331 x 10~ 7

6 2.130 x 10T 1.065 x 10 | 6.603 x 107 6.710 x 107 6.073 x 10 4.534 x 10 1.538 x 10—

7 1.273 x 10 © 6.366 x 10 8.021 x 107 8.084 x 107 1.996 x 10— 1.558 x 10 4.377 x 10_*

B 7.436 x 10°% | 3.718 x 10~ 9.444 x 107 9.481 x 107 6.379 x 107 5.148 x 10~ 7 1231 x 107

oY 9 1.264 x 10 2 2.132 x 10 1.087 x 107 1.000 x 107 1.903 x 10 7T 1.650 x 10 © 3.427 x 10 °
N [[10 [ 2410x 107 [ 1.305 x 10~ 1.231 % 107 1.233 % 107 6.107 < 10 ° 5.161 < 10~ 9,467 x 10_°
11 1.345 x 10 2 6.725 x 10 ° 1.376 x 107 1.377 x 107 1.842 x 10 ° 1.583 x 10 ° 2.508 x 10 °

12 [ 7.433 x 10~ 3.717 x 107 | 1.522 x 10T 1.522 x 10T 5.483 x 10~ ° 4.774 x 10 ° 7.087 x 10"

13 | 4.073 x 10 2.037 x 10 ° 1.668 x 107 1.668 x 107 1.613 x 10 © 1.420 x 10" ° 1.023 x 10 °

14 | 2.216 x 10~ 1.108 x 10 ° | 1.815 x 107 1.815 x 107 4.6904 x 10 ° 4174 X 10 5.197 x 10~

15 | 1.108 x 10~ 5.990 x 10 T | 1.963 x 107 1.963 x 107 1.354 x 10" 1.214 x 10 1.308 x 10

16 | 6.443 x 10 T 3.222 x 10T 2.111 x 107 2.111 x 107 3.872 x 10 3.497 x 10 3.747 X 10 Y

17 [ 3.449 x 10~ 7 | 1.724 x 10~ " | 2.260 x 10" 2.260 x 10" 1.000 x 10~ 0.902 x 107 1.001 x 10~ 7
18 1.839 x 10 7T 9.193 x 10 ° 2.410 x 10T 2.410 x 107 3.100 x 107 2.833 x 10 2.663 x 10~ 10
19 [ 0.766 x 10~ ° | 4.883 x 10— ° | 2.560 x 10° 2.560 x 10T 8.688 x 10~ 7 | 7081 x 10~ 'Y [ 7.065 x 10~ T
20 | 5.170 x 10 ° 2.585 x 10 ° 2.711 x 107 2.711 x 107 2.421 x 10~ 10 2.234 x 1010 1.870 x 10 1T

1 5.774 x 101 [ 0.000 x 107 | 5.774 x 10~ ! 6.667 x 101 0.000 x 107 6.667 x 10!

2 1.268 x 107 3.132 x 10~ T 1.268 x 107 2.223 x 107 2.318 x 10! 0.416 x 10—~ 1.377 x 10 T

3 5.274 x 10! 1.554 x 10 | 3.089 x 107 4.121 x 109 7.047 x 10 4.762 x 10 ° 2.285 x 10 -

4 2.200 x 10~ ° 7.264 x 10— 5.128 x 107 6.195 x 107 1.061 x 10~ 1.627 < 10~ 3.341 x 10~ 7

5 1.008 x 10 T 3.281 x 10 7.203 x 107 8.380 x 107 5.185 x 10 4.731 x 10 4533 x 10 *

6 | 4411 x10 % | 1.455 x 10 9.530 x 107 1.063 x 10° 1.334 % 10 ° 1.275 x 10 5908 x 10~

- 7 1.027 x 10 % | 6.394 x 10 ° [ 1.181 x 107" 1.202 x 107 3.382 x 10 * 3.307 x 10 7 7.541 x 10 °
9N 5 | 8.404 x 10 2.796 x 10 ° | 1.412 x 107 1.523 x 107 8517 x 10 © 8,422 x 10 9.524 X 10 7
9 [ 3.663x 10 1.220 x 10 ° | 1.644 x 10" 1.756 x 107 2.137 x 10 ° 2.125 x 10~ 1,197 x 10"

10 1.595 x 10 5.316 x 10 7 1.877 x 107 1.990 x 107 5.352 x 10 © 5.337 x 10 © 1.499 x 10—

11 [ 6.046 x 10~ % | 2.315 x 10~ * | 2.111 x 10F 2.224 x 10T 1.330 x 10~ ° 1.337 x 10 ° 1.878 x 10~
12 024 x 10 7T 1.008 x 10 7 2.346 x 107 2.450 x 107 3.340 x 10" 3.347 x 10 2.338 x 10~ ¥
13 [ 1.316 x 10~ * | 4.388 x 10— ° | 2.584 x 10° 2.699 x 10T 8.375 x 10~ 8.373 x 10— 2.851 x 10~ T

14 | 5.731 x 10 ° | 1.910 x 10 _° | 2.808 x 10T 2,918 x 107 2.004 x 10 2.004 x 10 3.970 x 10!
15 | 2.495 x 10~ | 8.315 x 10 ° | 3.005 x 107 3.223 x 107 5.236 x 107 5.235 x 10— 7 3.216 x 10~ 1®
16 | 1.086 x 10 ° | 3.610 x 10 ° | 3.278 x 10" 3.392 x 107 1.300 x 107 1.300 x 107 6.285 x 10~ '*
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Table 7. Unit-variance Bucklew-Gallagher pdf p(z)= 4
2(lzl+1)*
[ |G Tg [ y1 [ T g [ Vi Dy D, Do
1 5.000 x 10! 0.000 x 107 5.000 % 101 7.500 x 10! 0.000 x 109 7.500 x 10|
2 1.000 x 107 5.000 x 10~ * 1.000 x 107 1.500 x 107 5.000 x 10~ ! 0.375 x 10—~ 1.063 x 10~ °
3 8.018 x 10— T 1.459 x 10~ F 2.675 x 107 3.121 x 107 3.226 x 10~ ! 7.956 x 10— 7 2.431 x 10~ 7
4 7618 x 10 * 3.809 x 10 * 5.332 x 107 5.713 x 107 2.056 x 10 © 5.657 x 10~ 1.490 x 10 °
5 6.364 x 10 | 3.182 x 10! 9.546 x 107 9.864 x 107 1.302 x 10! 3.812 x 102 9.205 x 102
6 5.243 x 10~ © 2.621 x 10— T 1.625 x 10° 1.651 x 107 8.214 x 10— 2 2.505 x 10— 2 5.709 x 102
7 4.276 x 10 ' 2.138 x 10" 2.694 x 107 2.715 x 107 5.175 x 10~ 1.623 x 10~ 3.552 x 10~
8 | 3461 x 10 ' | 1.730 x 10 ! 4,395 x 107 1.412 x 107 3058 x 10 2 | 1.042 x 10 2 2.216 x 10 2
U 9 2.785 x 10T 1.302 x 10~ ! 7.101 x 107 7.115 x 10" 2.051 x 10~ 6.653 x 10— 1.386 x 10—~
Qn 10 2231 x 10 T 1.116 x 10 ¢ 1.140 x 10° 1.141 x 10° 1.291 x 10~ < 4.228 x 10— 8.686 x 10—
11 1.782 x 10 T 8.910 x 10~ < 1.823 x 10 1.824 x 10 8.132 x 10— 2.679 x 10— 5.453 »x 10—
12 [ 1.420x 10 7T 7.101 x 10— 2 2.907 x 107 2.908 x 107 5.121 x 10— 1.694 x 10— 3.427 x 10—
13 | 1.130x 10 | 5.652 x 10~ 2 1.629 x 10° 1.629 x 10° 3.226 x 10— 1.070 x 10— 2.156 x 10~
14 8.98T7 x 10 4.493 x 10™ © 7.361 x 10 7.362 x 10 2.032 x 10 6.752 x 10+ 1.357 x 10
15 [ 7.141x 102 3.570 x 10— 2 1.170 x 10 1.170 x 10 1.280 x 10— 1.258 x 10— 8.540 x 10— *
16 | 5.672x 10 2.836 x 10~ 1.858 x 10 1.858 x 10 8.062 x 10" | 2.684 x 10~ * 5.378 x 10 °
17 4.504 x 10~ - 2.252 x 107~ 2.951 x 10 2.951 x 10 5.079 x 10~ T 1.692 x 10 * 3.387 x 10~ *
18 3.576 x 10~ 1.788 x 10 < 4.686 x 10 4.686 x 10 3.199 x 10 T 1.066 x 10 © 2.133 x 10 _*
10 | 2.838 x 10~ 1.419 x 10— 2 7.441 x 10° 7.441 x 10% 2.015 x 10— 7 6.716 x 10—~ 1.344 x 10— %
20 2,253 x 10~ 1.127 x 10 < 1.181 x 107 1.181 x 107 1.270 x 10 * 4.231 x 10 ° 8.465 x 10 °
1 5.000 x 10_© 0.000 x 107 5.000 < 10° T [ 7.500 x 10T 0.000 x 107 7.500 x 10T
2 1.732 x 109 3.660 x 10 T 1.732 x 107 3.008 x 107 4,019 x 10 T 1.274 x 10 1 2.745 x 10 1
3 7.531 x 10~ © 2.426 x 10~ ! 8.755 x 107 1.363 x 107 1.765 x 10~ * 0.962 x 10—~ 7.688 x 10—~
4 3.686 x 10 ' | 1.464x 10 © 4.420 x 107 6.680 x 107 6.426 x 10~ | 4.766 x 10_° 1.650 x 10~
5 1.848 x 10~ T 8.200 x 10~ 2.577 x 10° 3.870 x 10 2,017 x 107~ 1.727 x 10— = 2.899 x 10—
6 9.291 x 10 4.371 x 10™ < 1.711 x 10 2.567 x 10 5.731 x 10 5.293 x 10 4.382 x 10 *
. 7 | 4.661x 10 - 2.261 x 10~ 2 1.237 x 107 1.855 x 107 1.534 x 10— 1473 x 10— 6.064 x 10~ 7
N 8 2.338 x 10 1.151 x 10~ 9.385 x 107 1.408 x 10° 3.073 x 10 3.803 x 10 7 7.002 x 10 °
9 1.170 x 10~ 2 5.806 x 10— 7.308 x 10° 1.096 x 10° 1.011 x 10— 7T 1.001 x 10— 7 1.026 x 10~ °
10 | 5.855 % 10 ° | 2.016 x 10— 5.767 % 10° 8.651 x 10° 2551 x 10 ° | 2.538 x 107 1.300 x 10
11 | 2.920 x 10 1.461 x 10 4.583 x 10" 6.875 x 107 6.408 x 10 © | 6.392 x 10 © 1.636 x 10
12 1.465 x 10 7.316 x 10 T 3.652 x 10 5.477 x 10 1.606 x 10 © 1.604 x 10~ © 2.054 x 10 7
13 [ 7.324x 107 3.660 x 10— 7 2.925 x 107 4.388 x 107 4.019 x 10— 4.016 x 10~ 2.564 x 107
14 3.662 x 107 1.831 x 107 2.347 x 1019 3.522 x 1017 1.005 x 10— 1.005 x 10— 3.196 x 10— 1T
15 1.831 x 10 7 0.154 x 10 ° 1.926 x 1017 2.809 x 107T 2.514 x 10 2.513 x 10 3.804 x 10 '
16 | 9.157x 107 [ 4.578 x 10 ° 1.620 x 1072 2.465 x 1072 6.286 x 107 6.285 x 107 [ 4.606 x 10 !
Table 8. Unit-variance Hui-Neuhoff pdf p(z)= - 5 , 6=2.38636, C;=3.46458
(lzl+2)*(n (|lz1+2))° !
I [ R T [ Y1 I T I YK I Dy D; Do
1 4.907 x 10 ! 0.000 x 107 4,907 x 10 T | 7.502x 10 T 0.000 x 107 7.502 x 10 1
2 [ 9730 x 1077 | 4870x 10 T | 0.730 x 10 ! 1.461 x 109 5227 x 10T [ 8705« 1072 | 4.348 x 10 T
3 [ 8665 x 107" | 4333 x 1077 2.600 x 107 3.033 x 107 3.560 x 107" | 7.448 x 107 2.824 x 107"
4 | 74301077 | 3720 107 T 5.207 x 107 5.579 x 10V 2471 x 1077 | 5362 x 1072 | 1.935 x 1071
5 [ 6306« 107" | 3183 x 107! 0.450 x 107 0.775 % 107 1.748 x 10~ T [ 3.733 % 10~ 1.375 x 10~ T
6 | 53311077 [ 2.665x 107! 1.652 x 107 1.679 x 107 1.266 x 10~ | 2504 x 10=2 | 1.007 x 10~ 1
7 | 4516 <1077 | 2258 x 1077 2.845 x 107 2.867 x 107 0.306 x 10°2 | 1.820x 1072 | 7.575 x 10—~
8 [ 384510 T [ 1022101 4.883 x 10! 4.902 x 10! 7.131 x 10 1.207 x 10~ 5.834 x 10~
oy 0 | 3205 <10 T | 1.648x 10 T 8.402 x 107 8.419 x 107 5527 x 1072 | 0400 x 1077 | 4.586 x 10 2
N 710 [ 284510 | | 1422 x 10 | 1.454 x 107 1.455 x 10 4.366 x 10~ 6.048 x 1077 | 3.671 x 10~
11 [ 2475« 107" | 1237 x 1077 2.532 x 107 2.533 x 107 3.508 x 1072 | 5222 1077 | 2.986 x 10—~
12 [ 2069« 107" | 1.084x 1077 4.440 x 107 4.441 x 10 2.862 x 10~ 3.901 x 1077 | 2.462 x 10~
13 | 1.015x107 7 | 9573 x 1072 7.840 x 107 7.841 x 107 2.366 x 10~2 | 3.008 x 10=2 | 2.056 x 10—~
14 | 1.701 x 10~ T | 8507 x 102 1.394 x 10 1.394 x 10% 1.980 x 102 | 2,439 x 10~% | 1.736 x 10~ 2
15 | 1.521 x10 T | 7.607x 10 2 2.493 x 10 2.493 x 10° 1.674 x 10 2 | 1.946x 10 ° | 1.480 x 10 2
16 | 1.368 x 10 T | 6.842 x 10 2 4.484 x 10 4.484 x 107 1430 x 1072 [ 1572 x 10 ° [ 1.272 x 10 2
7 [ 1.237 x 107" [ 6.186 x 10~ 8.108 x 10 8.108 x 107 1.231 x 10~ 1.283 x 1077 [ 1.103 x 10~
18 [ 11241077 | 5,620 x 1072 1.473 x 107 1.473 x 107 1.060 x 1072 | 1.058 x 1072 | 0.630 x 10~°
19 [ 1.026 x 1077 | 5120 x 10~ 2.680 x 107 2.689 x 107 0.343 x 10°7 | 8.806 x 10”7 | B.462 x 107
20 | 9.401 x 1077 | 4701 x 1077 4.929 x 107 4.929 x 107 8220 x 1077 | 7.300 x 10-7% | 7.481 x 10~ °
1 4.907 x 101 0.000 x 107 1,907 x 10T | 7.502 x 10~ 1 0.000 x 107 7.592 x 10~ 1
2 1.660 x 107 3.501 x 1071 1.660 x 107 2.960 x 107 4341 1077 [ 1193 x 1077 | 3.148 x 10 '
3 [ 7571 x107T | 2436 x 1077 0.678 x 107 1.536 x 107 2,164 x 1071 | 1.023x 101 | 1.141 x 1077
4 | 3986 x10 T [ 1549101 0.037 x 10! 1.624 x 10 0.552 x 10 5.835 x 10 3.717 x 10
5 | 2149 x10 T | 9373 10 2 5.005 x 10 8.709 x 10° 3.816 x 10 2 | 2600 x 10 2 | 1.126 x 10 =
6 | 1.180 x 101 | 5467 x 10~ 7 4.900 x 107 8.089 x 10° 1.410 x 102 | 1.085 x 1072 | 3.255 x 10~ °
. 7 | 6.476 x 10~ 3.104 x 10~ 8.337 x 1077 1.580 x 107 4.900 x 10°7 [ 3.995 x 10°7 | 0.141 x 1077
QN 8 [ 353 x10 2 | 1.728x 102 1.103 x 1077 2.137 x 1071 1.630 x 1072 [ 1.370x 10 ° | 2.515 x 10 T
9 1.910 x 10~ 0.474 x 107 9.587 x 107" 1.881 x 1077 5.213x 107" | 4532x 10" | 6.810 x 10 °
10 [ 1.033x107% | 5131 x 1077 8.644 x 1057 1.710 x 10°° 1.617 x 10~7 | 1.435x 10~T | 1.818 x 1077
11 [ 552210 % | 2751 x 1077 | 1.498 x 107" [ 2977 x 10T | 4887 x 10 ° | 4408 x 107 ° | 4.794 x 10 °
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