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Performance Analysis of Amplify-and-Forward Relaying in
Cooperative Networks with Partial Relay Selection
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ABSTRACT

In this paper, we analyze the performance of dual-hop amplify-and-forward (AF) relaying in cooperative
networks with partial relay selection. An AF relay gain considered in this paper includes channel-noise-assisted
relay gain. Leveraging a received signal-to-noise ratio (SNR) model, we derive exact closed-form expressions for
the probability density function (pdf) and cumulative distribution function (cdf) of the end-to-end SNR. Moreover,
an exact closed-form expression of the ergodic capacity for dual-hop AF relaying with channel-noise-assisted
relay gain and partial relay selection is investigated. The analytical results shown in this paper are confirmed by

Monte-Carlo simulations.

I. Introduction

Cooperative ~ communications  for  wireless
networks including cellular systems, sensor
networks, and wireless ad-hoc networks are the
objective of intensive research. One of cooperative
communication schemes uses relays to enhance the

wireless link quality, which is well-known

cooperative diversity. Two well-known relaying
protocols are decode-and-forward (DF) and
amplify-and-forward (AF) relaying. In particular, AF
relaying is one of the most promising technique
owing to simple protocols and design simplicities. In
the AF relaying, the relay receives a noisy signal
transmitted at the source, amplifies it and
re-transmits it to the destination'".
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Recently, there is a lot of interest in AF relaying,
where the relay nodes are selected according to
some criteria, which minimizes signaling overhead
of the relaying process. Bletsas et al. proposed an
opportunistic relaying for a two-hop AF relaying
system, where the best relay is selected before the
transmission by taking into account all relay links™.
An opportunistic relaying is time sensitive and
requires perfect timing synchronization among the
all nodes, as well as introduces additional network
delays which is a crucial issue for practical systems.

On the other hand, partial relay selection was
proposed in [3], wherein the source monitors the
connectivity among the node locally rather than
globally. Therefore, this approach can prolong the
network lifetime for resource-constrained wireless
systems such as sensor networks'*. Although the
performance of AF relaying in cooperative networks
have been extensively studied in terms of error rate,
there have been few results on the ergodic capacity.
To the best of the authors’ knowledge, there is no
work in the literature studying the ergodic capacity
of partial relaying systems. In [5], an upper bound
for the ergodic capacity with closed-form expression
was derived, however, the work in [5] did not give
an exact closed-form expression of the ergodic
capacity. In [6], exact closed-form expressions are
derived for the probability density function (pdf) and
the cumulative distribution function (cdf) of the
end-to-end  signal-to-noise  ratio  (SNR)  of
opportunistic dual-hop AF relaying systems with
relay selection. The selection rule follows a
maximum end-to-end SNR policy, based on the
available channel state information. The relay
selection rule in [6] is based on end-to-end SNR
between source and destination.

AF relays may be categorized as fixed gain,
channel assisted, and channel noise assisted, based
on how source-to-relay channel information and
noise statistics are used in determining the relay
gains. In this paper, we derive exact closed-form
expressions for the pdf and the cdf of the end-to-end
SNR for dual-hop AF relaying with channel noise
assisted relay gain and partial relay selection

between source and relay node. Moreover, an exact
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closed-form expression of the ergodic capacity is
investigated.

The rest of this paper is organized as follows. In
Section II, we present the signal and system model
used in the paper. Section III discusses the
derivation of the end-to-end SNR statistics including
pdf, cdf and outage probability. We also derive an
exact closed-form expression for the ergodic
capacity. Section IV provides simulation results
verifying the derived analytical results. Finally, we
provide conclusions in Section V.

II. System Models

Consider a dual-hop cooperative network
consisted of one source node .5, one destination
node D, and NV AF relay nodes R; for i=1--- NV
shown in Fig. 1. Assume that each node is equipped
with a single antenna and relays operate in a
half-duplex mode. The transmission is performed in
two orthogonal channels in time or frequency [7].
The source has no direct link with the destination
and the communication is performed by choosing
one out of the /V relays £, according to a partial
relay selection strategy. For each link, the channel is
assumed to be block flat-fading and modeled as
zero-mean,

independent, circularly-symmetric

complex Gaussian random variable with each
variance ;SR and ;RD for n=1,2,...., N. We

assume that all additive white Gaussian noise terms

have zero mean and equal variance. Let pg, and
pr p be the instantaneous SNRs have variance p g,

and p,, of the links S—>R, and R,—D,
respectively.

According to the partial relay selection criterion
given in [3], the source monitors the quality of its
connectivity with the relays via the transmission of
local feedback, and selects a single nth relay among
the V relay nodes having the maximum S—Z2, hop

instantaneous SNR pg, .
Hereafter, for simplicity, let p; be the

instantaneous SNR with variance p, =1/a for the
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link S—R,. Similarly, p, is the instantaneous SNR
with variance p, =1/f for the link R,—D. Then,

the instantaneous end-to-end SNR from S to D via

R, is given by [8,9].

n

o P1P2
prLtpyt+1
ey
From the relay selection criterion in [3], p; is

o N .

given by p; = max{pSR”}, n=1

SNR feedback
Ry
| @
S ‘gt“““ : D
X g : 2 L
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Fig. 1. Dual-hop cooperative network with relay selection.
. Performance Analysis
The source monitors the quality of its

connectivity with the relays via the transmission of
local feedback, and selects a single nth relay among
the NV relay nodes having the maximum S— R, hop

instantaneous SNR p, with variance p; =1/c. From
the order statistics [10], the pdf of p; can be

expressed as

— Nae*a/)(l _ e*(xp)N*l
N

Z(;Z))(fl)"_lnae‘mﬂ

n=1

fﬂl (p )
@

The second part of (2) can be obtained by using
the binomial expansion. Also, the pdf of p, with

variance p, =1/ is given by

1, (p) = Ge

3

3.1 Statistical Analysis
We now present the main results on the statistics
of the instantaneous end-to-end SNR in (1).

nl

Theorem 1: The cdf of p in (1) is given by
=1-2),

_(N)

e~ (natfp \/naﬁp(p-i-l)
K, (2vnaBp(p+1))

“

where KU( - ) is the modified Bessel function of

the second kind of order v
Proof : The cdf can be derived as follows:

o P1P2
F‘/)(p) —PI‘{ p1+p2+1 - P}
Y (x+1)p
= Pr{p2 = T—p} f’)l(x)dx
(5)
+/ Pr{ < a:+l)p }f (z)dx
T—p 41
(x-i—l)p))
—1—/ (1—F)(4 f)(:v)dx
o P2 x—p P1
We also know that Fm(:(:) =1—¢" and make

the change of variables u=x—p in (5), then, (5)

can be rewritten as

. ©
. f e—rza(u+p)e—ﬂp(u+p+1)/udu
0

Finally, using [11, eq. (3.471.9)], we can get the
cdf p of as shown in (4).
Theorem 2: The pdf of p in (1) is given by
=1-2),

=[en

- nap(2p+1) Ky 2vVnaBp(p+1)) (7)
+(na+3) vVnapp(p+1)
- K,(2VnaBp(p+1) )]

n 1 *(no-%— B)p
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Proof: By differentiating (4) with respect to and
using the identity [11, eq. (8.486.12)] that gives the
derivative dK (v)/dv=—K,_,(z)—vK,(z)/z.

Closed-form expressions of the cdf and pdf of the
end-to-end SNR are also calculated in [5]. However,
our results are more concise than the results in [5],

allowing for simpler analysis.

3.2 Outage Probability

The outage probability is a meaningful
performance measure in wireless communication
systems over fading channels. For good codes and
long block lengths, outage probability gives an
approximation of the frame error rate [12]. We
consider the outage probability that corresponds to
the probability that the SNR falls below the specific
SNR threshold p,;,. Thus, the outage probability for

the AF relay channel can be easily obtained as

Pout(pﬂL):Pr[pSpﬂ?]:Fp(pTh) (8)

where Fﬂ( - ) is given in (4).

To get a further insight on the outage probability,
we develop a simple outage probability expression
for high SNR region. In the asymptotic SNR region
(e, ﬁﬁ()), the Bessel function can be approximated
by Kt,(x) =2°"1(v) /2" for small z. By applying
this approximation to (4) and simplifying further
using the first order terms of an exponential
approximation e " = 1 — ux, the outage probability
can be simplified as follows

(a+pB)pgy for N=1

Bom, for N> 1 ©)

Pom‘,(pﬂ7,) ~ {

Therefore, for N> 1 relays, the relaying link
S—R,—D
performance of the single link /,—D. Furthermore,

asymptotically approaches the

it can be seen from (9) that the asymptotic
performance of the cooperative network with partial
relay selection does not depend on the quality of
source-relay links and thus it is equivalent for any
choice of «. Furthermore, we can observe that the
performance asymptotically approaches faster to the
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performance of the single link as NV increases to
infinity. The observation of this asymptotic results
will be shown in Section IV.

For example, if the two links are identical, i.e.,
p,=p,=p , the outage probability in (9) can be
reduced to 2p,/p and pg/p for N=1 and
N> 1, respectively. For this special case, we know
that the outage performance of cooperative network
with partial relay selection has better performance
than conventional relay (/V=1) system by 3.01 dB

at high SNR region. For unbalanced link, 5p, = p,

and 9p, = p,, the gain of partial relay selection over

conventional relay system is 7.8 dB and 10 dB,

respectively.

3.3 Ergodic Capacity Analysis

In communications over fading channels, the
maximum error-free data rate that a channel can
support is called the channel capacity. The work in
[5] derived an upper bound for the ergodic capacity
by using the Jensen’ inequality, however, an exact
closed-form of the ergodic capacity is not shown in
[5]. In this section, we derive an exact ergodic
capacity of AF relaying system with partial relay
selection.

Theorem 3: An exact closed-form expression for

the ergodic capacity is given by

c= 21111(2) [im%

ii’:{e”‘*'/F(O,mjz) —eﬂF(O,ﬁ’)}
+¢1(0,3)]

(10)

where I'(x,y) is the upper incomplete Gamma
function [11, eq. (3.381.3)].
Proof : Given the pdf of p, the ergodic capacity

is
0=~ Bliog, (1+ )] (1)

where the factor 1/2 is due to the fact that the
transmission is performed in 2 time slots or two

orthogonal channels. Therefore, based on (1), we
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1 12)
= 21n(2)E[ln(1+p1”+E[ln(1+p2”

—E[ln(l +p +p2)]

To evaluate (12), we need the pdfs of p;, p, and
p, +p,. The pdf of p; and p, are given by (2) and

(3), respectively. Then, using the moment generating

function (MGF) definition expression, i.e.,

M,(s) =/0 e *f,(p)dp, the MGFs for p, and p,

v

are given by Y, (;\f)(_ D" 'nals+na)”!  and
n=1

B(s+3)"", respectively. Given that p, and p, are

independent, the MGF of p, +p, can be written as

Mpl+p2(s):Mpl(s)JVIpz(s). Therefore, the MGF
of p,+p, is given by
N (_l)nflnaﬁ
101 B[
PLTP —\n no—f3 (13)

) ( 11 )
s+06 s+na
To find the pdf of p, +p,, we use

fp1+p2(p) £~ {Mpﬂ]( )], where £ “'[ -]

is the inverse Laplace transform operator, hence we

can get the following

20

n=1

(=1)" " tnap
na—03

(e — g=naw)

FoinP)= (14)

Let us define the integral ,

(c):f In(1+z)e “dr, which has the
0

F(c) =¢T(0,c)/c where
I'(x,y) is the upper incomplete Gamma function
[13, eq. (79)].

expression for the ergodic capacity in (12) can be

closed-form  solution

Finally, an exact closed-form

written by

["21(/\)) ) haF(na)

+BF(8) — ;(mi(_iz jgaﬁ
A{F(B) + F(na)}]

21n
(15)

After some mathematical manipulation, we can
get the ergodic capacity in (10). To the best of
author’ knowledge, (10) is novel. Note that the
upper incomplete Gamma function can be evaluated
in commercial mathematics software package, such

as Mathematica and Maple.
IV. Numerical Results
In this section, we present numerical results to

1-3 through Monte-Carlo
Monte-Carlo

verify =~ Theorems

simulations. For simulations, we

simulate the performance index which we average
over 10 data block realizations at each SNR. The
data block length is set to 10

Fig. 2 shows the pdf of the end-to-end SNR
f /,(p) for the AF relaying with partial relay

selection for N=2,4,8,12 when p, and p, are
assumed to be 3 dB and 9 dB, respectively. As the
number of relays V increases, the pdf values shift
to the right and the peak value becomes smaller
implying that the end-to-end SNR becomes more
distributed. Fig. 2 confirms that our analytical results
correspond exactly to the simulation results.

Fig. 3 shows the outage probability as a function

0.5

Probability Density Function

4
End-to-end SNR

Fig. 2. Probability density function for unbalanced links,
pr1 =3 dBand p, =9 dB.
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Fig. 3. Outage probability versus El for balanced and
unbalanced links.

of the first-hop average SNR p, (for a threshold
pp, = 6 dB) for balanced (p, = p,) and unbalanced

links (5p, = p,) and for different number of relays
N. Moreover, as discussed in the previous section,
the outage probability performance of AF relaying
with partial relay selection has better performance
than the conventional relaying(/N=1) by 3.01 dB
and 7.78 dB for balanced (p, = p,) and unbalanced

(5p, = p,) links, respectively at high SNR. From
Fig. 3, it can be seen that the partial relay selection
system improves the outage performance of the
conventional relaying link (/V=1) and the resulting
gain is equal to 3 dB at the high SNR region for
balanced link.

Fig. 4 gives the outage performance as a function

Qutage Probability

1
5 10 15 20 25 0 35 40
First-Hop Average SNR [dB]

Fig. 4. Outage probability versus ,51 for unbalanced links
9p1 = py.
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Fig. B. Ergodic Capacity versus ;2 for balanced and
unbalanced links.

of the number of relay /V for unbalanced link with
9p, =p, at threshold pm, = 9 dB. Exact and
asymptotic results are given by (8) and (9),
respectively. From Fig. 3, we can observe that the
exact result given by (8) corresponds exactly to the
simulations results, and the asymptotic result in (9)
corresponds closely to the exact result in (8) at high
SNR region. Also, it can be observed that the outage

performance converges into the same value of (3p,

irrespective of /V as SNR goes to high. As described
in Section III, the performance asymptotically
approaches faster to the performance of the single
link as /V increases, and it can be verified in Fig.
5.

In Fig. 5, the ergodic capacity in terms of the
second-hop average SNR p, assuming N=2 and
balanced or unbalanced links. It is clear that (10) in
Theorem 3 provides the exact results.

All numerical results confirm our analyzes.
V. Conclusions

This paper has presented performance analysis of
AF relaying in cooperative networks with partial
relay selection. New closed-form expressions for the
statistical behavior including pdf, cdf and outage
probability have been derived. Through some
approximation of the outage probability at high SNR
region, we give some insight for impact of the relay

location on the system performance. The asymptotic
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performance of partial relay selection does not

depend on the quality of source-relay links. The

analysis in this paper is useful for practical AF

relaying systems where the relay selection based on

the first hop channel state information. Moreover,

we have derived the ergodic channel capacity with

closed-form solution. An exact agreement between

analytical and Monte-Carlo simulation results is

observed.
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