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On BER-Based Calculation of Power
Allocation under User Fairness
for NOMA
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ABSTRACT

In this letter, the authors derive a closed-form
expression for the power allocation, which is based
on the exhaustive search, under the constraint of the
user fairness of the equal bit-error rates (BERs), in
the binary phase shift keying (BPSK) non-orthogonal
multiple access (NOMA). The power allocation
calculation is based on the BER, not the achievable
data rate. To the best of the authors’ knowledge,
this is the first analytical expression for the
calculation of power allocation in the conventional
BPSK NOMA.
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I. Introduction
Recently,

(NOMA) has received considerable attention for the
fifth generation (5G) mobile networks'™®. In

non-orthogonal ~ multiple  access

NOMA, one frequency or time channel is allocated
to several users within the cell. At the same time, in
order to establish the user fairness, the power
allocation between the users is significant.

The reason why the power optimization problem
is significant, under the user fairness, because the
two users share the channel resources, so that it
might be desirable for the two users’ performances
to be equal.

In this letter, we derive a closed-form expression
for the power allocation, under the user fairness of
the equal bit-error rates (BERs). Then the analytical

expression is validated by simulation results. Also,

for the various channel gain scenarios, we present
the analytical results of the power allocation.

The similar problem of the equal BERs was
considered in [8]. By the sub-optimal algorithm, the
solution was presented in [8], while in this letter, we
solve the quartic equation, and obtain the exact

solution.
II. System and Channel Model

We consider a cellular downlink NOMA
transmission system, in which two users are paired
from a base station within the cell. The Rayleigh
fading channel between the mth user and the base

station is denoted by By ~CN(O,Z,,,)’ m=1,2

The channels are sorted as >1 > 2. The base

station will send the superimposed signal

x=aPs; +J(0—a)Ps; | where Su is the message
for the mth user with unit power, «is the power
allocation factor, with 0<a <1 and P is the
constant total transmitted power at the base station.

The observation at the mth user is given by
Ty = B X 4 1, )

~ N (0,N,/2)

where 7 is additive white Gaussian
noise (AWGN). Then, the perfect successive
interference cancellation (SIC) BER performance of
the Ist user is simply that of the binary phase shift

keying (BPSK) modulation, which is given by

s NOMA; perfect SIC: ideal) _ pr EPa o)
e N() >

where for the compact presentation of Rayleigh

fading BER performance, we use the notation as

. 3)
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Fig. 1. Quartic function f (”’)and real root %opt

In NOMA, the ideal perfect SIC is validated
theoretically by the random channel coding theorem,
practically such as low-density parity-check (LDPC)
codes or turbo codes. And the optimal maximum
likelihood (ML) BER performance of the 2nd user

are given by [7], fora<0.5,

P(Z; NOMA; ML optimal) __
A =

1, 22P<1/(17a)7\/5)2 A zzp(ﬂl(lfa)%/a)z .

2 N, 2 N,
)

Note that under the user fairness, we consider

only @ <0.5. Therefore, the equation is sufficient.
II. Practical Power Calculation

The power calculation problem can be formulated

as

Opimize «,
s.t.
(1; NOMA; perfect SIC; ideal) __ p(2; NOMA; ML optimal)
E =k ®

subject to a < 0.5, for user fairness.

10° ‘ " ,
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Fig. 2. Optimal power allocation opt by

simulation.

Then after some algebraic manipulation, we have

the following quartic equation
f(a):a4+pa3+qa2+ra+s:0, ©6)
where

—3%, PN, — 4%, P2, P —32(5,P)
pP= 6 > , @)
(2:P)

6NZ +5,P(3Ny + 45, P)+125, PN, +24(%,P)’
q =

16(2,P) - ®
_5P(Ny +5,P)

16(,P)" ©

=N +6%,PNg +125,PS, PN, + 85, P(,P)°

165, P(5,P) ’
and
= (Vo +22P)3 —S,N}

s= . (10

165, (,P)

Then, for 0 < a < 0.5 we have only one real

root
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aopt:71+5 ZP q+z
—;\/zp —[%p —q+zl]—24+*(4pq—8r—p3)%~
JoP —a+a
4
(1D
where
_ bl 3 b bl 3
2 —(q)+i/+\/+a +‘§/\/+a
3 2 4 27 2 4 27
(12)
with
1 2
a = 5(3(}37" - 43) — (7q) ),
b= i(?(qu — 9(7q)(p7' — 45) + 27(4(15 —r? = pzs))‘
27
(13)
IV. Results and Discussions
Assume > = LSand Xy = 0'5, and the

constant total transmitted signal power to noise

P /N, =40dB

power ratio . First, in Fig. 1, we

depict the quartic function f (a) in , and verify

only one real root %opt, ie., the exact analytical

optimal power allocation, in 0 < & < 0.5
Qo = 0.156936577864388. (14)

One additional comment on Fig. 1 is that
a = 0.5 looks like a root. However, o« = 0.51s
not a root, but the real part of the two complex
conjugate non-real roots. Specifically, the quartic
equation has two distinct real roots and two complex
conjugate non-real roots, because the following

condition holds

A <O, (15)
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Fig. 3. Optimal power allocation “opt, for various
channels.

where
A =2565> —192 prs® —128¢s> +144qr*s —27*

+144p2q52 - 6p2rzs - 80pq2rs +18pqr3 +1 6q4s
—4(131’2 - 27;1432 + 18p3qrs - 4;13}’3 - 4p2q3s + p2q2r2.

16)
The calculated four roots are given by
oy =1.593119671510678 + 0.0000000000000007
Qg = 0.156936577864388 + 0.000000000000000:

an

az  =0.500000000312466 — 0.007500239561129i
a, =0.500000000312466 + 0.007500239561129i.

Then, in Fig. 2, we validate Qopt with the value

(simulation) __ .
Qopt =0.1569  of the optimal  power
allocation obtained by the simulation. As shown in

(simulation)

Fig. 2, “opt is well consistent with %opt in .
Also, in Fig. 3, for all the channel gains with the

energy conservation of the unit average variance, we
depict “opt. As shown in Fig. 3, for the equal

L =Y = 1, we obtain

channel gains, ie.,

gy = 0.25 , and as the difference of the channel

Qopt - decreases, i.e., the more power

gains increases,
is allocated to the weaker channel user, in order to

establish the user fairness between the users.
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We mention on the limitation of this letter; for
the higher order modulation and many users, the
proposed calculation will be more complex.

Lastly, we use the exact BER expressions for
both users, so that the authors in this letter think that
the results could be reliable, without Monte Carlo

simulations.

V. Conclusion

A closed-form expression for the calculation of
power allocation, under the user fairness of the
equal BERs, was derived in this letter. First, the
analytical expression was validated by the simulation
results. Then, the proposed power allocation was
obtained, for all the channel gains of the unit
average variance. For future researches, the proposed
calculation for the higher order modulation and the

number of users more than two will be interesting.
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